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Content & Learning Goals
■ From field quantities like 𝐸𝐸 and 𝑆𝑆…

Learning Goals
■ Derivation of lumped-element voltage-current relations from Maxwell’s equations
■ Relationship between Maxwell’s equations and Kirchhoff’s circuit laws
■ Ideal vs. real components and their equivalent circuits
■ Limitations of lumped-element modeling approach
+ Operating principle of a basic dc-dc power converter

Robert Gustav Kirchhoff
1824 – 1887 

James Clerk Maxwell
1831 – 1879 

�
𝜕𝜕𝐴𝐴
𝐻𝐻 ⋅ 𝑑𝑑𝑠𝑠 = �

𝐴𝐴
𝑆𝑆 +

𝜕𝜕𝐷𝐷
𝜕𝜕𝜕𝜕

⋅ 𝑑𝑑𝐴𝐴

�
𝜕𝜕𝐴𝐴
𝐸𝐸 ⋅ 𝑑𝑑𝑠𝑠 = −�

𝐴𝐴

𝜕𝜕𝐵𝐵
𝜕𝜕𝜕𝜕

⋅ 𝑑𝑑𝐴𝐴

�
𝜕𝜕𝜕𝜕
𝐷𝐷 ⋅ 𝑑𝑑𝐴𝐴 = �

𝑉𝑉
𝜚𝜚free 𝑑𝑑𝑑𝑑

�
𝜕𝜕𝜕𝜕
𝐵𝐵 ⋅ 𝑑𝑑𝐴𝐴 = 0

�
𝑖𝑖=1

𝑛𝑛

𝐼𝐼i = 0

�
𝑖𝑖=1

𝑛𝑛

𝑈𝑈i = 0

…to integral quantities like 𝑈𝑈 and 𝐼𝐼
…and lumped elements like 𝐿𝐿, 𝐶𝐶, and 𝑅𝑅
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Situation, Goal, and Tools
■ Start: Two electrodes carrying charge 𝑄𝑄 and −𝑄𝑄 in free space plus two uncharged electrodes

■ Goal: Transform this arrangement into an ideal lossless voltage converter! 

�
𝜕𝜕𝐴𝐴
𝐻𝐻 ⋅ 𝑑𝑑𝑠𝑠 = �

𝐴𝐴
𝑆𝑆 +

𝜕𝜕𝐷𝐷
𝜕𝜕𝜕𝜕 ⋅ 𝑑𝑑𝐴𝐴

�
𝜕𝜕𝐴𝐴
𝐸𝐸 ⋅ 𝑑𝑑𝑠𝑠 = −�

𝐴𝐴

𝜕𝜕𝐵𝐵
𝜕𝜕𝜕𝜕 ⋅ 𝑑𝑑𝐴𝐴

�
𝜕𝜕𝜕𝜕
𝐷𝐷 ⋅ 𝑑𝑑𝐴𝐴 = �

𝑉𝑉
𝜚𝜚free 𝑑𝑑𝑑𝑑

�
𝜕𝜕𝜕𝜕
𝐵𝐵 ⋅ 𝑑𝑑𝐴𝐴 = 0

𝐷𝐷 = 𝜀𝜀r𝜀𝜀0𝐸𝐸 𝐻𝐻 =
1

𝜇𝜇r𝜇𝜇0
𝐵𝐵 𝑆𝑆 = 𝜅𝜅𝐸𝐸

+𝑄𝑄

−𝑄𝑄

■ Maxwell’s equations

■ Linear material relations

James Clerk Maxwell
1831 – 1879 

𝜀𝜀: Permittivity 𝜅𝜅: Conductivity𝜇𝜇: Permeability
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Electric Field and Voltage
■ Electric charges are sources of the electric field

■ How to adjust voltage 𝑈𝑈ab and transport some charge / energy to the other two electrodes?

�
𝜕𝜕𝜕𝜕
𝐷𝐷 ⋅ 𝑑𝑑𝐴𝐴 = �

𝑉𝑉
𝜚𝜚free 𝑑𝑑𝑑𝑑 = 𝑄𝑄

�
𝜕𝜕𝜕𝜕
𝜀𝜀r𝜀𝜀0𝐸𝐸 ⋅ 𝑑𝑑𝐴𝐴 = �

𝑉𝑉
𝜚𝜚free 𝑑𝑑𝑑𝑑 = 𝑄𝑄

𝑊𝑊ba = �
𝑏𝑏

𝑎𝑎
𝐹⃗𝐹 ⋅ 𝑑𝑑𝑠𝑠 = �

𝑏𝑏

𝑎𝑎
𝑞𝑞+𝐸𝐸 ⋅ 𝑑𝑑𝑠𝑠 = 𝑞𝑞+ �

𝑏𝑏

𝑎𝑎
𝐸𝐸 ⋅ 𝑑𝑑𝑠𝑠

■ Potential energy

■ Voltage

𝑈𝑈ab =
−𝑊𝑊ba

𝑞𝑞+
= �

𝑎𝑎

𝑏𝑏
𝐸𝐸 ⋅ 𝑑𝑑𝑠𝑠

■ Electric field from Gauss’s Law 

+𝑄𝑄

−𝑄𝑄

𝐸𝐸

𝑎𝑎

𝑏𝑏

𝑞𝑞+

𝐹⃗𝐹

𝐴𝐴 = 𝜕𝜕𝜕𝜕

𝐹⃗𝐹 = 𝑞𝑞+𝐸𝐸

■ Force acting on test charge 

Carl Friedrich Gauss
1777 – 1855

𝑑𝑑𝑠𝑠

𝑈𝑈ba
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Conduction Current and Displacement Current
■ Idea: Fill part of the empty space with conductive material 

■ Charge / energy transfer to second pair of electrodes—but not lossless!

+𝑄𝑄

−𝑄𝑄

𝐸𝐸

𝐴𝐴 = 𝜕𝜕𝜕𝜕
𝜅𝜅 𝑆𝑆 = 𝜅𝜅𝐸𝐸

■ Conduction current density

𝑃𝑃 = �
𝑉𝑉
𝐸𝐸 ⋅ 𝑆𝑆 𝑑𝑑𝑑𝑑

■ Ohmic losses

■ Ampère’s Law and Kirchhoff’s Current Law

�
𝜕𝜕𝜕𝜕𝑉𝑉

𝐻𝐻 ⋅ 𝑑𝑑𝑠𝑠 = 0 = �
𝜕𝜕𝜕𝜕

𝑆𝑆 +
𝜕𝜕𝐷𝐷
𝜕𝜕𝜕𝜕

⋅ 𝑑𝑑𝐴𝐴

𝑆𝑆

𝜕𝜕𝐷𝐷
𝜕𝜕𝜕𝜕

Boundary of closed surface vanishes

→ Conduction current continues  
as displacement current! 

Note: Field distortion due to presence of additional conductive material not shown.

�
𝑖𝑖=1

𝑛𝑛

𝐼𝐼i = 0

André-Marie Ampère
1775 - 1836

⟺
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Confining the Electric Field: Capacitors
■ Technical realizations confine the electric field inside of components → Lumped-element description!

■ Capacitance depends only on geometry and material parameters

■ Capacitance 𝐶𝐶

Note: Fringing field of plate capacitor neglected and homogeneous conductor material assumed!

𝐶𝐶 =
𝑄𝑄
𝑈𝑈ab

=
𝜀𝜀r𝜀𝜀0 ∯𝜕𝜕𝜕𝜕 𝐸𝐸 ⋅ 𝑑𝑑𝐴𝐴

∫𝑎𝑎
𝑏𝑏 𝐸𝐸 ⋅ 𝑑𝑑𝑠𝑠

 

=
𝜀𝜀r𝜀𝜀0

𝑈𝑈ab
𝑑𝑑 𝐴𝐴p

𝑈𝑈ab
𝑑𝑑 𝑑𝑑

=
𝜀𝜀r𝜀𝜀0𝐴𝐴p
𝑑𝑑

𝐸𝐸 =
𝑈𝑈ab
𝑑𝑑

Homogeneous field 
between plates

𝑖𝑖 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝑑𝑑 𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= 𝐶𝐶
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

● Voltage-current relation (for 𝐶𝐶 ≠ 𝑓𝑓(𝑢𝑢))

𝐶𝐶𝑖𝑖

𝑢𝑢

𝑆𝑆𝐸𝐸3

𝐸𝐸2

𝐸𝐸1

𝜕𝜕𝜕𝜕
𝑑𝑑

𝐴𝐴p

𝐴𝐴e

𝑙𝑙

𝑈𝑈12

𝑈𝑈ab 𝑈𝑈2

𝐼𝐼

C1
𝑅𝑅 C2

𝑎𝑎

𝑏𝑏

1 2𝑑𝑑𝐴𝐴
𝑑𝑑𝑠𝑠

𝑑𝑑𝐴𝐴𝑑𝑑𝑠𝑠

𝑈𝑈ab = �
𝑎𝑎

𝑏𝑏
𝐸𝐸 ⋅ 𝑑𝑑𝑠𝑠 = 𝐸𝐸𝐸𝐸



7

Remark: Film Capacitor Realization
■ Large capacitance requires:

■ Other capacitor types: Electrolytic capacitors, ceramic capacitors

𝐶𝐶 =
𝜀𝜀r𝜀𝜀0𝐴𝐴p
𝑑𝑑

𝐶𝐶 = F Farad

Source: ChargedEVs.com

● Large plate areas: Metallized isolation foils
● Small distance: Isolation foil with voltage-depended thickness
● High permittivity: Foil material (e.g., polypropylene with 𝜀𝜀r = 2.2 … 2.4)

Plastic box

Contact 
layer Pins

Plastic Box
Self-extinguishing resin

Polypropylene film

Metallization

Source: Würth

Metallized film
Metal end-spray
Lead

Epoxy dip
Metal 

end-spray

Range w/o metallization
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Confining the Electric Field: Resistors
■ Technical realizations confine the electric field inside of components → Lumped-element description!

■ Capacitance and resistance depend only on geometry and material parameters
■ Circuit representation with lumped elements connected by ideal conductors

𝑆𝑆𝐸𝐸3

𝐸𝐸2

𝐸𝐸1

𝜕𝜕𝜕𝜕
𝑑𝑑

𝐴𝐴p

𝐴𝐴e

𝑙𝑙

𝑈𝑈12

𝑈𝑈ab 𝑈𝑈2

𝐼𝐼

C1
𝑅𝑅 C2

■ Resistance 𝑅𝑅

Note: Fringing fields neglected and homogeneous conductor material assumed.

𝑅𝑅 =
𝑈𝑈12
𝐼𝐼

=
∫1
2 𝐸𝐸 ⋅ 𝑑𝑑𝑠𝑠

∬𝐴𝐴𝑒𝑒 𝑆𝑆 ⋅ 𝑑𝑑𝐴𝐴
=

𝑈𝑈12

𝜅𝜅 𝑈𝑈12𝑙𝑙 𝐴𝐴e
=

𝑙𝑙
𝜅𝜅𝐴𝐴e𝑎𝑎

𝑏𝑏

1 2
𝑆𝑆 = 𝜅𝜅𝐸𝐸

● Voltage-current relation

𝑃𝑃 = 𝑈𝑈𝑈𝑈 = 𝑅𝑅𝐼𝐼2
● Losses

𝑈𝑈 = 𝑅𝑅𝑅𝑅

𝑅𝑅 = Ω Ohm

Georg Simon Ohm
1789 – 1854 

𝐸𝐸 =
𝑈𝑈12
𝑙𝑙

Homogeneous field 
between plates 1, 2

𝑑𝑑𝐴𝐴
𝑑𝑑𝑠𝑠

𝑑𝑑𝐴𝐴𝑑𝑑𝑠𝑠

Source: 
KRAH
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Remark: Kirchhoff’s Voltage Law
■ Lumped-element modeling: Fields (electric and magnetic) only inside of components

■ Kirchhoff’s Voltage Law: Discrete version of Faraday’s Law
■ Kirchhoff’s Current Law: Discrete version of Ampère’s Law (see p. 5)

�
𝑖𝑖=1

𝑛𝑛

𝑈𝑈i = 0

�
𝜕𝜕𝐴𝐴
𝐸𝐸 ⋅ 𝑑𝑑𝑠𝑠 = −�

𝐴𝐴

𝜕𝜕𝐵𝐵
𝜕𝜕𝜕𝜕

⋅ 𝑑𝑑𝐴𝐴

�
𝜕𝜕𝐴𝐴
𝐸𝐸 ⋅ 𝑑𝑑𝑠𝑠 = �

𝑖𝑖=1

𝑛𝑛

�
𝑎𝑎𝑖𝑖

𝑏𝑏𝑖𝑖
𝐸𝐸𝑖𝑖 ⋅ 𝑑𝑑𝑠𝑠 = 0

𝐸𝐸3

𝐸𝐸2

𝐸𝐸1

𝑈𝑈3

𝑈𝑈1 𝑈𝑈2

𝐼𝐼C1 𝑅𝑅 C2

𝑏𝑏1

𝑎𝑎1
𝝏𝝏𝝏𝝏

■ Faraday’s Law

● Lumped-elements: 𝜕𝜕𝐵𝐵/𝜕𝜕𝜕𝜕 ≈ 0 outside

■ Kirchhoff’s Voltage Law
𝑈𝑈𝑖𝑖

Michael Faraday
1791 – 1867 

𝑏𝑏3 𝑎𝑎3
𝑏𝑏2

𝑎𝑎2

𝑈𝑈ind + �
𝑖𝑖=1

𝑛𝑛

𝑈𝑈i = 0

If 𝜕𝜕𝐵𝐵/𝜕𝜕𝜕𝜕 not negligible.
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Ideal Switching Stage
■ Ideal switching stage with two states generates pulsed voltage 𝑢𝑢sw with adjustable average value �𝑢𝑢sw

■ Required: Lossless element that does not react with immediate current flow to applied voltage

𝑈𝑈1

𝑈𝑈2

C1

C2

𝑈𝑈1

𝑈𝑈2

C1

C2

on

on

𝑈𝑈1 − 𝑈𝑈2 𝑈𝑈2

𝑢𝑢sw = 𝑈𝑈1 𝑢𝑢sw = 0

𝑡𝑡
𝑇𝑇sw 2𝑇𝑇sw0 𝐷𝐷𝑇𝑇sw

𝑈𝑈1
𝒖𝒖𝐬𝐬𝐬𝐬

�𝑢𝑢sw

𝑇𝑇sw 2𝑇𝑇sw0 𝐷𝐷𝑇𝑇sw

𝑈𝑈1
𝒖𝒖𝐬𝐬𝐬𝐬

�𝑢𝑢sw

𝑇𝑇sw 2𝑇𝑇sw0 𝐷𝐷𝑇𝑇sw

𝑈𝑈1
𝒖𝒖𝐬𝐬𝐬𝐬 �𝑢𝑢sw

𝑡𝑡 𝑡𝑡

? ?

Remember: 𝑈𝑈1 > 𝑈𝑈2

0 0 0
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Self-Inductance of a Conductor Loop
■ Voltage 𝑢𝑢 applied across conductor loop is associated with a change of the flux 𝛷𝛷 through the loop area

■ Change in flux corresponds to a change in loop current 𝑖𝑖 by Ampère’s Law:

𝑈𝑈1

𝑈𝑈2

C1

C2
𝑢𝑢sw

𝑖𝑖

𝐻𝐻,𝐵𝐵

𝑢𝑢ind

𝑢𝑢 = −𝑢𝑢ind

�
𝜕𝜕𝐴𝐴
𝐸𝐸 ⋅ 𝑑𝑑𝑠𝑠 = −�

𝐴𝐴

𝜕𝜕𝐵𝐵
𝜕𝜕𝜕𝜕

⋅ 𝑑𝑑𝐴𝐴

𝑢𝑢ind = −
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 ⇒  𝑢𝑢 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝐴𝐴

■ Faraday’s Law

● Integral quantities

�
𝜕𝜕𝐴𝐴A

𝐻𝐻 ⋅ 𝑑𝑑𝑠𝑠 = �
𝐴𝐴A

𝑆𝑆 +
𝜕𝜕𝐷𝐷
𝜕𝜕𝜕𝜕

⋅ 𝑑𝑑𝐴𝐴

■ Ampère’s Law

�
𝜕𝜕𝐴𝐴A

1
𝜇𝜇𝑟𝑟𝜇𝜇0

𝐵𝐵 ⋅ 𝑑𝑑𝑠𝑠 = 𝑖𝑖

𝐴𝐴A

𝑑𝑑𝑠𝑠

𝑑𝑑𝐴𝐴

𝑖𝑖

𝐴𝐴A

𝑑𝑑𝑠𝑠
𝑑𝑑𝐴𝐴

𝐻𝐻

𝑢𝑢 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

∝
𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑

For ideal conductor.
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Confining the Magnetic Field: Inductors
■ Technical realizations confine the electric field inside of components → Lumped-element description!

■ Inductance depends only on geometry and material parameters

𝑈𝑈1

𝑈𝑈2

C1

C2𝑢𝑢sw

𝑖𝑖

𝐻𝐻

𝑢𝑢

𝑢𝑢 =
𝑑𝑑𝛹𝛹
𝑑𝑑𝑑𝑑

=
𝑑𝑑 𝐿𝐿𝐿𝐿
𝑑𝑑𝑑𝑑

= 𝐿𝐿
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑖𝑖
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝐴𝐴

�
𝜕𝜕𝐴𝐴
𝐻𝐻 ⋅ 𝑑𝑑𝑠𝑠 = �

𝐴𝐴
𝑆𝑆 +

𝜕𝜕𝐷𝐷
𝜕𝜕𝜕𝜕

⋅ 𝑑𝑑𝐴𝐴

■ Ampère’s Law
𝑙𝑙c

𝜇𝜇r → ∞

𝐴𝐴c

�
𝑖𝑖=1

𝑛𝑛

𝐻𝐻𝑖𝑖𝑙𝑙𝑖𝑖 = �
𝑖𝑖=1

𝑘𝑘

𝑖𝑖𝑘𝑘 ⇒

𝐵𝐵 = 𝜇𝜇r𝜇𝜇0
𝑁𝑁𝑁𝑁
𝑙𝑙c

= 𝑁𝑁𝑁𝑁𝐴𝐴𝑐𝑐 = 𝑁𝑁2 𝜇𝜇r𝜇𝜇0𝐴𝐴c
𝑙𝑙

⋅ 𝑖𝑖

𝛹𝛹 = 𝑁𝑁𝑁𝑁 = 𝐿𝐿 ⋅ 𝑖𝑖

𝐻𝐻𝑙𝑙c = 𝑁𝑁𝑖𝑖

■ Inductance 𝐿𝐿

● Voltage-current relation

⇒

Note: Assuming homogeneous magnetic flux density in the core and ideal alignment of 𝐻𝐻 and 𝑑𝑑𝑠𝑠

𝑈𝑈2C2𝑢𝑢sw

𝑖𝑖

𝑢𝑢

𝐿𝐿

= 0 for 𝐿𝐿 ≠ 𝑓𝑓 𝑖𝑖 , i.e., 𝜇𝜇r = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐.

Joseph Henry
1797 – 1878 

𝐿𝐿 = H Henry

Source: Würth
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Remark: Magnetic Lumped-Element Circuits
■ Inhomogeneous magnetic circuits divided into segments assigned a magnetic reluctance ℛ

■ Reluctance model is widely applicable for estimating inductances of technical configurations
■ Caution: Analogy to Ohm’s Law is incorrect regarding power and energy (no losses in ℛ)!

● Magnetomotive force:  ℱ = 𝑁𝑁𝑁𝑁 = ∮𝜕𝜕𝐴𝐴𝐻𝐻 ⋅ 𝑑𝑑𝑠𝑠

𝛷𝛷
𝑙𝑙c

𝜇𝜇r

𝐴𝐴c

𝛿𝛿

𝑖𝑖

ℛc

ℱ = 𝑁𝑁𝑁𝑁

𝛷𝛷

ℛ𝛿𝛿

𝑁𝑁𝑁𝑁 = �
𝑖𝑖=1

𝑛𝑛

𝐻𝐻𝑖𝑖𝑙𝑙𝑖𝑖 = �
𝑖𝑖=1

𝑛𝑛
𝛷𝛷

𝜇𝜇r,𝑖𝑖𝜇𝜇0𝐴𝐴𝑖𝑖
𝑙𝑙𝑖𝑖

𝐵𝐵 = 𝜇𝜇r𝜇𝜇0𝐻𝐻

= 𝛷𝛷�
𝑖𝑖=1

𝑛𝑛
𝑙𝑙𝑖𝑖

𝜇𝜇r,𝑖𝑖𝜇𝜇0𝐴𝐴𝑖𝑖
= 𝛷𝛷�

𝑖𝑖=1

𝑛𝑛

ℛ𝑖𝑖

■ Reluctance ℛ

● “Ohm’s Law” of magnetic circuits: ℱ = 𝛷𝛷𝛷

𝐿𝐿 =
𝑁𝑁𝑁𝑁
𝑖𝑖

Note: Neglecting air gap fringing field and stray field (could be included)

𝛷𝛷 =
𝑁𝑁𝑁𝑁

∑𝑖𝑖=1𝑛𝑛 ℛ𝑖𝑖
=

𝑁𝑁𝑁𝑁
𝛿𝛿

𝜇𝜇0𝐴𝐴c
+ 𝑙𝑙c
𝜇𝜇r𝜇𝜇0𝐴𝐴c

■ Inductance calculation

Source: Würth



14

Energy Storage in C and L – Quiz!
■ Estimate the energy stored in the components at rated voltage (capacitor) or current (inductor)

Source: WürthSource: Kemet

● Polypropylene metallized film capacitor

● 15 µF ● 15 µH

● High-current inductor with MnZn ferrite core

a) 1 µJ
b) 1 mJ
c) 1 J
d) 10 J

a) 1 µJ
b) 1 mJ
c) 1 J
d) 10 J

𝑊𝑊C =
1
2
𝐶𝐶𝑈𝑈2 𝑊𝑊L =

1
2
𝐿𝐿𝐼𝐼2

■ 1 J → Lift a bar of chocolate (0.1 kg) by 1 m
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Energy Storage in C and L – Solution
■ Estimate the energy stored in the components at rated voltage (capacitor) or current (inductor)

■ Capacitors have typically much higher volumetric / gravimetric energy density than inductors
■ Energy storage in inductors is lossy because of the current flow in the winding (𝑝𝑝loss = 𝑅𝑅𝐼𝐼2)

Source: WürthSource: Kemet

● Polypropylene metallized film capacitor

● 15 µF, 450 V dc ● 15 µH, 26 A dc

● High-current inductor with MnZn ferrite core

a) 1 µJ
b) 1 mJ
c) 1 J
d) 10 J

a) 1 µJ
b) 1 mJ
c) 1 J
d) 10 J

𝑊𝑊C =
1
2
𝐶𝐶𝑈𝑈2 = 1.5 J

𝑊𝑊L =
1
2
𝐿𝐿𝐼𝐼2 = 5.1 mJ

𝑉𝑉 = 10.3 cm3𝑉𝑉 = 17.4 cm3 𝑊𝑊c

𝑉𝑉
= 86 mJ/cm3 𝑊𝑊c

𝑉𝑉
= 0.5 mJ/cm3

𝑊𝑊C =
1
2
𝐶𝐶𝑈𝑈2 𝑊𝑊L =

1
2
𝐿𝐿𝐼𝐼2
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Lossless Voltage Converter
■ Lossless energy transfer form left electrode pair (i. e. ,𝐶𝐶1) to right electrode pair (i.e., 𝐶𝐶2)

■ Assumption of lumped parameters: All fields confined to the elements, ideal connections – Limits?

𝑈𝑈1

𝑈𝑈2

C1

C2𝑢𝑢sw
𝑡𝑡

𝑇𝑇sw0

𝒖𝒖𝐬𝐬𝐬𝐬
�𝑢𝑢sw

0
𝐿𝐿𝑖𝑖

𝑈𝑈1

𝑈𝑈1

𝑡𝑡

𝑡𝑡

0

0

0

0

𝑇𝑇sw

𝑇𝑇sw

7𝑇𝑇sw

7𝑇𝑇sw

7𝑇𝑇sw

𝒊𝒊

𝑼𝑼𝟐𝟐
𝑈𝑈1

𝑢𝑢sw

𝐿𝐿𝑖𝑖

𝑈𝑈2
C2 𝑅𝑅L

● Buck converter (!)

Note: Assuming very large capacitance 𝐶𝐶1 such that 𝑉𝑉1 ≈ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐.
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Ideal vs. Real Inductor
■ What result do you expect when measuring the impedance 𝑍𝑍(𝑓𝑓) of a real inductor?

Source: Würth

log 𝑍𝑍

log 𝑓𝑓

𝑍𝑍L = 𝑗𝑗𝑗𝑗𝑗𝑗 ?

𝐿𝐿

𝑢𝑢L𝑖𝑖L

log 𝑍𝑍

log 𝑓𝑓

𝑍𝑍
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Real Components: Lumped Equivalent Circuits
■ Electric fields in inductors → Parasitic capacitances

■ Nonideal conductors → Series resistances 
■ Higher-order models can capture full 𝑍𝑍 𝑓𝑓 characteristic, including HF effects (e.g., skin effect)

𝑢𝑢L

𝑖𝑖L

𝑢𝑢C

𝑖𝑖C

𝑢𝑢L

𝑖𝑖L

𝐿𝐿

𝑅𝑅L
𝐶𝐶L

𝛷𝛷

𝐸𝐸 𝛷𝛷

𝐸𝐸

𝑢𝑢C

𝑖𝑖C

𝐿𝐿C = 𝐸𝐸𝐸𝐸𝐸𝐸

𝑅𝑅C = 𝐸𝐸𝐸𝐸𝐸𝐸
𝐶𝐶

𝑅𝑅L

𝜔𝜔0 ≈
1
𝐿𝐿𝐶𝐶L

𝑍𝑍CL
𝑍𝑍LC

𝑅𝑅C

■ Magnetic fields in capacitors → Parasitic inductances

𝜔𝜔0 ≈
1
𝐶𝐶𝐿𝐿C

𝑍𝑍L = 𝑗𝑗𝑗𝑗𝑗𝑗

𝑍𝑍C =
1
𝑗𝑗𝑗𝑗𝑗𝑗

log 𝑍𝑍

log 𝑓𝑓

log 𝑍𝑍

log 𝑓𝑓
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Real Components: System-Level Impacts
■ Real inductors behave like capacitors above self-resonance frequency
■ Real capacitors behave like inductors above self-resonance frequency

■ Real 𝐿𝐿𝐿𝐿 low-pass filter does not provide −40 dB/dec attenuation for all 𝑓𝑓 > 𝑓𝑓0 = 1/(2𝜋𝜋 𝐿𝐿𝐿𝐿)
■ Component non-idealities must be considered for high-frequency filter designs (e.g., EMI filters)

𝑈𝑈1

𝑢𝑢sw

𝐿𝐿𝑖𝑖

𝑈𝑈2
C2 𝑅𝑅L

log
𝑢𝑢2
𝑢𝑢sw

log 𝑓𝑓 log 𝑓𝑓𝑓𝑓sw 𝑓𝑓sw

log
𝑢𝑢2
𝑢𝑢sw

■ Ideal 𝐿𝐿𝐿𝐿 filter ■ Real 𝐿𝐿𝐿𝐿 filter

𝑓𝑓0 =
1

2𝜋𝜋 𝐿𝐿𝐿𝐿
𝑓𝑓0 =

1
2𝜋𝜋 𝐿𝐿𝐿𝐿
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Limitations of Lumped-Element Calculations
■ Implicit assumptions when calculating with lumped-element circuits:

■ Considered system is “slow enough” / “small enough” to neglect high-frequency effects → Outlook!

𝜕𝜕𝐵𝐵
𝜕𝜕𝜕𝜕 ≈ 0

𝜕𝜕𝐷𝐷
𝜕𝜕𝜕𝜕 ≈ 0■ Outside of components:

■ Fields confined inside of components ● Possibly including in-component parasitics

𝛷𝛷

𝐸𝐸 𝛷𝛷

𝐸𝐸
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Real Circuits: Parasitic Capacitance
■ Electric fields between conductors in the circuit and between conductors and ground
■ Each conductor has parasitic capacitance towards all other parts of the circuit and ground

■ Changing voltage (e.g., 𝑑𝑑𝑢𝑢/𝑑𝑑𝑑𝑑 during switching) results in changing electric field & (displacement) current spikes
■ Practical power converter realizations must meet electromagnetic compatibility (EMC) regulations

𝑈𝑈1 𝑈𝑈2C2
𝑢𝑢sw

𝐿𝐿𝑖𝑖

𝑅𝑅LCpar

𝑖𝑖g𝑖𝑖g

𝑡𝑡

𝑡𝑡

𝒖𝒖𝐬𝐬𝐬𝐬

𝒊𝒊𝐠𝐠

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

Source: Danfoss

P

N

S

PN S
Ceramic

𝑖𝑖g = 𝐶𝐶par
𝑑𝑑𝑢𝑢sw
𝑑𝑑𝑑𝑑

Heat sink
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Real Circuits: Parasitic Inductance
■ Physical realizations of circuits inherently contain current-carrying conductor loops
■ Loops imply magnetic flux coupling and presence of parasitic inductances

■ Fast 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 during turn-off causes overvoltage across turning-off power transistors
■ Commutation loop layout should minimize area 𝐴𝐴: Nearby decoupling capacitors / Vertical comm. loops

𝐻𝐻,𝐵𝐵𝐴𝐴

𝑈𝑈1
𝐼𝐼 ≈ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐.

𝑢𝑢S1

𝑖𝑖S2

𝑖𝑖S1

S1

S2

𝐿𝐿par

𝑈𝑈1

𝑢𝑢S1

𝑖𝑖S2

𝑖𝑖S1

S1

S2

𝑡𝑡

𝑡𝑡

𝑖𝑖S2𝒊𝒊𝐒𝐒𝟏𝟏

𝑑𝑑𝑖𝑖S1
𝑑𝑑𝑑𝑑

𝐿𝐿par
𝑑𝑑𝑖𝑖S1
𝑑𝑑𝑑𝑑

𝐼𝐼

0
0

0
0

𝑈𝑈1

𝑢𝑢L =
𝑑𝑑𝛹𝛹
𝑑𝑑𝑑𝑑

=
𝑑𝑑 𝐿𝐿𝐿𝐿
𝑑𝑑𝑑𝑑

= 𝐿𝐿
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

Source: Danfoss

P

N

S

P

S

N P

𝒖𝒖𝐒𝐒𝟏𝟏

𝑢𝑢 = 𝐿𝐿par𝑑𝑑𝑖𝑖S1/𝑑𝑑𝑑𝑑

𝐼𝐼 ≈ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐.
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Key Take Aways
■ Electromagnetic fields 

■ Real components are always partly L, partly C, and partly R

● Integral quantities like U, I and 
lumped elements like L, C, R

Robert Gustav Kirchhoff
1824 – 1887 

James Clerk Maxwell
1831 – 1879 

�
𝐴𝐴

𝑆𝑆 +
𝜕𝜕𝐷𝐷
𝜕𝜕𝜕𝜕

⋅ 𝑑𝑑𝐴𝐴 = 0 �
𝜕𝜕𝐴𝐴
𝐸𝐸 ⋅ 𝑑𝑑𝑠𝑠 = 0 �

𝑖𝑖=1

𝑛𝑛

𝐼𝐼i = 0 �
𝑖𝑖=1

𝑛𝑛

𝑈𝑈i = 0

■ Limitations of lumped-element modeling for fast (high-frequency) signals and/or physically large circuits

■ Outlook: High-frequency effects in physically “large” systems
● Skin effect in conductors if not 𝑙𝑙characterisitc ≪ 𝛿𝛿(𝑓𝑓) (skin depth)
● Wave propagation in dielectrics if not 𝑙𝑙characterisitc ≪ 𝜆𝜆(𝑓𝑓) (wavelength)

+ Operating principle of the dc-dc buck converter

● 𝐿𝐿par
● 𝐶𝐶par
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Thank You!
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Appendix
Introduction to High-Frequency Effects
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Outlook: High-Frequency Effects in Conductors
■ Attenuation of high-frequency electromagnetic waves in good conductors → Inhomogeneous current density

■ Note: Proximity effect in windings with multiple adjacent current-carrying conductors
■ Note: Dual situation in larger magnetic cores can lead to uneven magnetic flux density distribution

for 𝜅𝜅 ≫ 𝜔𝜔𝜀𝜀r𝜀𝜀0

Note: Assuming linear material parameters that are independent of frequency

𝛿𝛿 ≈
2

𝜔𝜔𝜇𝜇r𝜇𝜇0𝜅𝜅

𝐽𝐽

𝐻𝐻,𝛷𝛷
𝐽𝐽eddy

Graphic inspired by allaboutcircuits.com

f δ
Copper

𝜇𝜇r = 1
𝜅𝜅 = 5.8e7 S/m

Silicon Steel
𝜇𝜇r = 5e4
𝜅𝜅 = 2e6 S/m

MnZn Ferrite
𝜇𝜇r = 3e3
𝜅𝜅 = 0.5 S/m

50 Hz 8.5 mm 0.2 mm 1.7 m
100    kHz 0.2 mm 5 µm 4.1 cm

1 MHz 66 µm 1.6 µm 1.3 cm
Data from Skutt (1996).

𝑑𝑑

𝜔𝜔 = 2𝜋𝜋𝜋𝜋

■ Skin effect / Skin depth 𝛿𝛿 ● Select 𝑑𝑑 ≤ 2𝛿𝛿 to avoid loss
increase due to skin effect 

�
𝜕𝜕𝐴𝐴
𝐻𝐻 ⋅ 𝑑𝑑𝑠𝑠 = �

𝐴𝐴
𝑆𝑆 +

𝜕𝜕𝐷𝐷
𝜕𝜕𝜕𝜕

⋅ 𝑑𝑑𝐴𝐴

�
𝜕𝜕𝐴𝐴
𝐸𝐸 ⋅ 𝑑𝑑𝑠𝑠 = −�

𝐴𝐴

𝜕𝜕𝐵𝐵
𝜕𝜕𝜕𝜕

⋅ 𝑑𝑑𝐴𝐴
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Outlook: High-Frequency Effects in Dielectrics (1)
■ Electromagnetic wave propagation effects can be neglected if

■ Dimensional resonance (standing wave) effects in larger MnZn ferrite cores (𝜆𝜆 = 3 cm at 1 MHz)
■ Reflected wave phenomena on long motor cables (typ. 𝜀𝜀r = 2 … 6) → Overvoltages

𝑙𝑙characteristic ≪ 𝜆𝜆 ≈
1
𝑓𝑓
⋅

𝑐𝑐
𝜇𝜇r𝜀𝜀r for 𝜅𝜅 ≪ 𝜔𝜔𝜀𝜀r𝜀𝜀0 and with 𝑐𝑐 = 1

𝜇𝜇0𝜀𝜀0
the speed of light in vacuum

𝑓𝑓c2 = 𝜋𝜋𝑡𝑡r −1𝑓𝑓c1 = 𝜋𝜋
𝑇𝑇sw

2

−1

𝑡𝑡r 𝑡𝑡r

0

𝑈𝑈

● Frequency content of PWM waveforms with
silicon (Si) and wide-bandgap (SiC, GaN) devices

PWM simulation: 𝑈𝑈 = 400 V; 𝑓𝑓sw,Si = 20 kHz, (𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑)Si= 5 V/ns; 𝑓𝑓sw,WBG = 250 kHz, (𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑)WBG= 150 V/ns

WBGSi

● Wavelength is material-dependent

0 𝑇𝑇sw𝑇𝑇sw/2

f λ

Vacuum FR4
𝜀𝜀r = 4.4

MnZn
Ferrite*

50 Hz 6000 km 3000 km 600 m
100    kHz 3000 m 1500 m 30 cm

1 MHz 300 m 150 m 3 cm
100 MHz 3 m 1.5 m n/a

1 GHz 30 cm 15 cm n/a

Assuming frequency-independent material parameters.
* MnZn ferrite data from Friebe (2019): 
𝜀𝜀r ≈ 50′000, 𝜇𝜇r ≈ 2000 for 𝑓𝑓 below around 2…10 MHz
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Outlook: High-Frequency Effects in Dielectrics (2)
■ Electromagnetic wave propagation effects can be neglected if

■ Reflected wave phenomena on long motor cables (typ. 𝜀𝜀r = 2 … 6) → Overvoltages
■ Design requirements: Aim for compact realization of switching cell and filter stages

𝑙𝑙characteristic ≪ 𝜆𝜆 ≈
1
𝑓𝑓
⋅

𝑐𝑐
𝜇𝜇r𝜀𝜀r for 𝜅𝜅 ≪ 𝜔𝜔𝑓𝑓𝜀𝜀r𝜀𝜀0 and with 𝑐𝑐 = 1

𝜇𝜇0𝜀𝜀0
the speed of light in vacuum

𝑓𝑓c2 = 𝜋𝜋𝑡𝑡r −1𝑓𝑓c1 = 𝜋𝜋
𝑇𝑇sw

2

−1

𝑡𝑡r 𝑡𝑡r

0

𝑈𝑈
WBGSi

0 𝑇𝑇sw𝑇𝑇sw/2

XLPE cable isolation 
with 𝜀𝜀r ≈ 2.3:

𝜆𝜆 ≈ 20 m at
𝑓𝑓 = 10 MHz

PWM simulation: 𝑈𝑈 = 400 V; 𝑓𝑓sw,Si = 20 kHz, (𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑)Si= 5 V/ns; 𝑓𝑓sw,WBG = 250 kHz, (𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑)WBG= 150 V/ns

● Frequency content of PWM waveforms with
silicon (Si) and wide-bandgap (SiC, GaN) devices
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