
 

 
 

Analytic Model inclusive Transformer for Resonant Converters based on 
Extended Fundamental Frequency Analysis for Resonant Converter-

Design and Optimisation 
 
 

Jürgen Biela *  Non-member 
Johann W. Kolar **  Member 

 
 

Abstract – The series-parallel resonant converter and its magnetic components are analysed by extended fundamental frequency tech-
niques. The proposed model allows an easy design of the resonant circuit and the integrated transformer and the calculation of the losses of 
all components of the converter. The purpose of the presented analytic model is an optimisation of the converter system – minimising either 
the volume / power density or the losses of the converter (restriction: temperature rise). Moreover, the presented equations also include a 
ZCS condition for one leg of the converter, the control of the converter by the frequency and duty cycle and a load model with offset volt-
age. The proposed analytic model is validated by simulation as well as by experimental results. 
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List of Symbols 

VIN  DC input voltage 
VAB  Converter output voltage 
VAB(1)   Fundamental component of VAB 
VOUT  Output voltage 
VCP  Voltage across CP 
VCP(1)  Fundamental component of VCP 

VOff  Offset voltage of load (cf. Fig. 1) 

CS  Series capacitor 
LS  Resonant inductor 
CP  Parallel capacitor 
IP  Primary current 
IS  Secondary current 
IR  Rectifier input current 
IR(1)   Fundamental component of IR 
IOUT  Output current 
ω    Angular switching frequency 
Z  Fundamental frequency impedance of the resonant circuit 

with load 

ZCpR  Fundamental frequency impedance of CP in parallel with the 
rectifier 

α    Angle between resonant current IS zero-crossing and start of 
rectifier commutation 

β    Angular duration of zero voltage state in discontinuous paral-
lel capacitor voltage waveform 

D  Duty cycle 
NP  Number of primary turns 
NS  Number of secondary turns 
R  Load resistance 
RV  Internal resistance of voltage source VAB(1) (cf. Fig. 5) 
RM1  Magnetic reluctance of the transformer leg carrying the pri-

mary winding 
RM2  Magnetic reluctance of the transformer leg carrying the sec-

ondary winding 
Rσ    Magnetic reluctance of the leakage path (including air gap) 
 

 

 1. Introduction 
 

 Applying resonant DC-DC converters can help to reduce the 
switching losses and / or to raise the switching frequency of the 
power switches. On this account the overall system size in many 
industrial applications, e.g., telecom power supplies [1], high volt-
age generators [2] or inductive heating [3] could be reduced and 
the power density could be increased. Especially, the series-
parallel resonant converter, Fig.1, is a promising converter struc-
ture since it combines the advantages of the series resonant con-
verter and the parallel resonant converter. On the one hand the 
resonant current decreases with the decrease of the load and the 
converter can be regulated at no load and on the other hand good 
part-load efficiency can be achieved [4 & 5]. Furthermore, the 
converter is naturally short circuit proof. 
 During the design of a resonant converter one has to determine 
for example the values of the resonant circuit elements (CS, LS and 
CP), the turns ratio and the number of primary turns so that the 

design constraints (temperature rise, operating frequency…) are 
met for the given specifications (input voltage, output power, 
load…). In order to find the values for the components which lead 
to an optimal design (optimal with respect to the given design aim 
– e.g. minimal converter volume, maximal efficiency, minimal 
costs…) one needs an automatic optimisation procedure. A possi-
ble flowchart for such an optimisation procedure is shown in Fig. 
2. First, the specifications of the application and the initial values 
of the resonant circuit elements are fed into the analytic model of 
the resonant converter. Within the model the operating frequency, 
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Fig. 1.  Series-parallel resonant DC-DC converter 



 

all voltages and currents of the converter inclusive phase shift and 
also the flux values in the transformer are computed. With this 
information the design of the transformer is optimised in an inner 
optimisation loop (cf. Fig. 2) so that the resulting transformer 
volume is minimal. In parallel the volume of the heatsink for the 
power semiconductors is calculated using the semiconductor loss-
es and an analytic thermal heatsink model. The resulting volumes 
are fed into the global optimisation algorithm which varies the 
resonant circuit elements, the cooling conditions and the parame-
ters of the semiconductors until a minimal overall converter vol-
ume is obtained.  
 For the described optimisation procedure an accurate model for 
the resonant converter is needed, which must not be too compli-
cated in order to limit the computation time. The used model is 
based on the extended fundamental frequency analysis which is 
explained in principle in the following. 
 The resonant circuit of the series-parallel resonant converter is 
fed by a square wave input voltage VAB which usually has a vary-
ing frequency and duty cycle. In order to achieve a ZVS condition 
in one leg of the converter and to prevent a MOSFET from a hard 
turn-off of a diode the operating frequency of the converter has to 
be always above the resonant frequency of the resonant circuit 
which is dependent on the load of the converter [2]. Furthermore, 
the amplitude of the resonant current for operation at light load 
must be large enough to discharge/charge the output capacitances 
of the MOSFETs. This could be always achieved by a proper 

choice of the value of the parallel capacitor CP.  
 The square wave input voltage is filtered by the resonant circuit 
so that the current in the resonant components is almost sinusoidal 
as shown in Fig. 3a. Neglecting the small harmonics of the reso-
nant current the analytic calculation of the resonant converter can 
be done by simple AC circuit analysis where the square wave 
input voltage VAB, the square wave rectifier input current IR and 
the distorted voltage across the parallel capacitor VCP are repre-
sented by their respective fundamental components. This method 
was proposed in [5]. 
 Under heavy load conditions, however, the voltage waveform of 
the parallel capacitor VCP is clamped by the output current to zero 
for a certain period of time, period β in Fig. 6(b), which leads to a 
discontinuous and very distorted parallel capacitor voltage VCP. 
Under these conditions the standard fundamental frequency analy-
sis is inaccurate. Therefore, the authors of [6] proposed an extend-
ed fundamental frequency analysis which accounts for the discon-
tinuous capacitor voltage under heavy load conditions. This meth-
od uses two different models of the resonant converter – one for 
the continuous capacitor voltage mode (CCV) and one for the 
discontinuous capacitor voltage mode (DCV) and yields quite 
accurate results for all operating conditions (light, part, and heavy 
load). The equations of this model are based on the assumption of 
a negligible ripple of the output current. 
 With this analytic model the design of the resonant circuit in-
cluding the voltage transfer ratio of the transformer could be per-
formed quite accurately. The design of the transformer itself, 
however, is still elaborate since the current respectively voltage 
waveforms and their phase relation for the primary and secondary 
windings are required in order to be able to calculate the flux dis-
tribution within the core. This is particularly true if the series in-
ductance is realised by the leakage inductance of the transformer 
which is increased by a magnetic shunt [7-10]. Depending on the 
winding geometry/core structure the three flux parts – primary 
linked flux, secondary linked flux and leakage flux – add or sub-
tract in the different legs of the transformer where the absolute 
values and the phase relations of the fluxes have to be considered. 
Especially in the magnetic shunt the phase relations between the 
different flux parts must be considered in order to design the mag-
netic device properly. 
 For this reason the analytic model proposed in [6] is extended in 
this paper by a magnetic reluctance model of the transformer in-
cluding the series inductance which is realised by the leakage 
inductance of the transformer. In Fig. 5 the series-parallel resonant 
converter with the reluctance model is shown. The presented re-
luctance model represents a simple E-core transformer where the 
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windings are placed on the two outer legs of the core and the 
magnetic shunt / leakage path is implemented by the centre leg 
(Fig. 4) but basically every core geometry and winding structure 
could be modelled in this way. The series inductance is controlled 
by the air gap in the centre leg. The derivation of the reluctance 
model is shortly presented in section 2 before the analytic equa-
tions for the series-parallel resonant circuit including the reluc-
tance model are presented in section 3.  
 There, the equations of [6] are also extended for an operation 
mode where one leg of the converter is always switched at the 
zero crossing of the resonant current IP (Fig. 7). This is a known 
method to reduce the switching losses of the converter. Further-
more, the control of the output voltage/current by the duty cycle 
and the switching frequency is described by the extended set of 
equations which are presented in section 3. 
 After the derivation of the model the analytic results are validat-
ed by circuit simulations using SIMPLORERTM and measure-
ments on different prototypes. The results of the comparison and 
the discussion are presented in section 4 where also some results 
of the automatic optimisation procedure are presented. Finally, a 
conclusion and topics of future research are given in section 5. 
 

 2. Magnetic Circuit Model 
 

 In the following a short summary of magnetic circuit models 
based on [11] and the derivation of the equations which are ap-
plied in the calculations in section 3 is given. 
 By means of magnetic circuit models Ampere’s law is simpli-
fied so that the line and surface integral do not have to be evaluat-
ed in order to find the flux distribution within the magnetic core. 
This simplification is based on the following two assumptions. 
Firstly, the absolute value of the magnetic field H

r
 is constant in a 

given volume and secondly, the direction of the magnetic field H
r

 
is aligned with the direction of the path of integration.  
With this assumptions Ampere’s law simplifies to 
 

 
l S

H dl J ds H l N I⋅ = ⋅ ⇒ ⋅ = ⋅∫ ∫∫
rr r r— . (1) 

Applying the relationship between the flux density B and the 
magnetic field and the definition of the flux yields 
 

 0 r

ee
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r r
. (2) 

The quantity R is referred to as the magnetic reluctance (of the 
path l) and the product N·I is known as the magneto motive force 
(mmf). Equation (2) represents Ohm’s law for magnetic circuits 
which is the magnetic analogue to the Ohm’s law for electric cir-
cuits: R I U⋅ = , i.e. the flux corresponds to the current and the 
mmf to the voltage. With this equation and above mentioned as-
sumptions also Kirchhoff’s voltage law (VL) and current law (CL) 
can be applied to the magnetic circuit. 
 

 1 2 n

1 2 n

VL
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: .... 0 ( for a given node )
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Φ Φ Φ
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Thus, by solving the system equation of the magnetic circuit the 
flux distribution in the core can be calculated. The application of 
Faraday’s law then leads to the induced voltage 

 d dV N
dt dt
Ψ Φ= = ⋅ . (4) 

Assuming that the flux varies sinusoidally with time (4) can be 
rewritten as 
 V j ω Φ= ⋅ ⋅ . (5) 

In (5) V is the complex voltage vector and Φ is the complex vector 
of the magnetic flux. 
 The above mentioned assumptions for applying magnetic circuit 
theory are approximately fulfilled in regions of high permeability 

 (e.g. ferrite core) if, among other things, the skin effect of mag-
netic fields is neglected for HF-applications. Usually, in air gaps 
the magnitude of the magnetic field is not constant over the cross 
section because of fringing flux. For calculating the magnetic 
reluctance of air gaps empirical and FEM-based models [12, 13 & 
14] have been proposed. Here the flux density / exact magnetic 
field distribution is not important (no losses are generated in the 
gap) but only the overall magnetic reluctance seen by the flux is 
needed for the calculations. 
 In principle, it is possible to model the magnetic device very 
accurately with magnetic reluctances (with an increasing number 
of modelled magnetic paths) but usually a quite simple model is 
enough for getting reasonably exact results. In Fig. 4(a) an E-core 
with two windings on its outer legs and the definition of the direc-
tions for the quantities is given. With this winding structure the 
centre leg carries the leakage flux (ΦP - ΦS) and the leakage in-
ductance is adjusted to the needed value by the air gap in this leg. 
Below, in Fig. 4(b), the appropriate magnetic circuit model is 
given for sinusoidal fluxes. 
 Applying the magnetic analogue of Kirchhoff’s voltage law, (3), 
to the two loops of the magnetic circuit in Fig. 4(b) yields the 
following two equations 
 

 
( )

P P M1 P P S

S S M2 S S P

N I =   +  ( )
N I = -   +  ( )

σ

σ

Φ Φ Φ
Φ Φ Φ
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ℜ ℜ ⋅ −
. (6) 

Solving these equations for the flux values and using U = N·dΦ /dt 
= L·dI/dt leads to the following relations between the magnetic 
reluctances and the inductances. 
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 (7) 

The inductance L1 can be measured at the primary side when the 
secondary is left open and L2 is the same for the secondary side. 
Additionally, the equation for the complete leakage inductance is 
given - one referred to the primary side Lσ(P) and one to the sec-
ondary side Lσ(S). With the above equations the analytic model for 
the series-parallel resonant converter including the transformer 
could be set up in the following section. 
 

 3. Analysis of the Extended Model 
 

 As already mentioned the following considerations for the se-
ries-parallel resonant converter shown in Fig. 5 are partly based 
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Fig. 4.  (a) Transformer on E-core (the middle leg carries the leakage flux) 
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Fig. 5.  Series-parallel resonant converter with reluctance model of the transformer. The con-

verter output voltage VAB is represented by its fundamental component VAB(1). 

on the fundamental frequency analysis proposed in [6]. 
The method of [6] has been extended by a reluctance 
model for the transformer with its leakage inductance, 
a ZCS condition for one leg and the control by fre-
quency and duty cycle. As far as possible and reason-
able the notation used in [6] has been retained.  
 The calculations are based on the assumptions that 
both the primary resonant current IP and the secondary 
resonant current IS are sinusoidal, that the output cur-
rent is constant and that the components are ideal. The 
major procedure of the analysis is to determine the 
fundamental frequency impedance ZCpR of the parallel 
connection of CP and the rectifier at first. With this 
impedance the input impedance Z of the resonant circuit, seen by 
the converter / voltage source VAB, could be calculated. In the im-
pedance Z also the reluctance model of the transformer is includ-
ed. In the next step two equations can be set up. The first one de-
scribes the relation between the phase shift of the primary current 
IP and VAB(1) (Fig. 7), which is determined on the one hand by the 
duty cycle D and on the other hand by Z. The second expression 
relates the output voltage VOUT of the converter to the load voltage 
which is given by the load characteristic (VOff & R) and the output 
current IOUT. These two equations together with one (CCV) or two 
(DCV) additional equations describe the behaviour of the system. 
The duty cycle D and the output current / voltage now can be cal-
culated numerically for a given frequency f and load characteristic 
(VOff & R) or vice versa. 
 3.1 Fundamental frequency impedance ZCPR  In the following 
the impedance ZCpR is calculated for the DCV (Fig. 6(b)) by first 
considering the fundamental component of the rectifier input cur-
rent IR(1) (cf. Fig. 5) (~(1) in [6]). 
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Since the resonant current on the secondary IS is assumed to be 
sinusoidal the fundamental component of the capacitor voltage 
VCP(1) could simply be calculated by AC circuit analysis and is 
given by (~(2) in [6]) 

 S R( 1 )
CP( 1 )

P

I I
V

j Cω
−

= . (9) 
 

Dividing the capacitor voltage VCP(1) by the sinusoidal secondary 
resonant current IS yields the fundamental component of the sec-
ondary side impedance ZCpR (~(3) in [6]) 
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=
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The impedance ZCpR for the CCV is obtained by setting β = 0 in 
(10). 
 

 3.2 Continuous Capacitor Voltage Mode (CCV)  In the CCV 
the value of the resonant current IS at the angle α (where VCP falls 
to zero) is larger than IOUT. The difference between the resonant 
current IS and the output current IOUT charges the capacitor CP. 
Thus the time response of the capacitor voltage is given by (~(5) 
in [6]) 
 

 
( )CP S OUT

P

S OUT

P

1V ( ) I sin I d
C

I (cos cos ) I ( )
C

θ

α

θ ϕ ϕ
ω

α θ θ α
ω

= ⋅ −

− − −=

∫
 (11) 

for α θ α π≤ ≤ + . Since the capacitor voltage is periodic for 
steady state operation it must fall to zero at the end of each cycle. 

 
Fig. 6.  (a) Converter output voltage VAB, primary current IP, rectifier current IR and parallel capacitor voltage VCP in continuous capacitor voltage mode.  (b) 

The same waveforms as for (a) but for discontinuous capacitor voltage mode (assumption: magnetizing current Iµ = 0) 

(a) 

(b) (a) 



 

Evaluating (11) under this condition yields an expression for α  
(~(6) in [6]). 

 
CP

OUT

S

V ( ) 0

Iarccos
2I

α π

πα

+ = ⇒
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 (12) 

Furthermore, the average value of the capacitor voltage VCP must 
be equal to the output voltage VOUT because the volt-seconds 
across the output inductor must be balanced. Calculating the aver-
age value of VCP according to (11) and using (12) for substituting 
IOUT results in (~(7) in [6]) 
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OUT CP
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C

α π
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π π ω
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Another equation for α may be obtained by inserting the output 
voltage VOUT = VOff + R·IOUT (equal to the load voltage) in (13) and 
solving for sin(α). The resulting equation must be divided by (12) 
which has to be solved for cos(α) first. This results in (14) 
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which is the first system equation for the CCV (~(8) in [6]). By 
setting β = 0 in (10) the impedance ZCpR for the CCV is obtained 
which may be simplified by substituting IOUT /IS using (12) (~(9) in 
[6]) 
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With (6), i.e. the description of the transformer (incl. LS) and (16) 

 S 2 S
S

CpR CpR

V j NI
Z Z
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the flux ΦP and therewith the primary voltage VP (= jωN1ΦP) of 
the transformer could be calculated as a function of IP and ZCpR. 
Applying Kirchhoff’s voltage law to the most left mesh in Fig. 5 
yields 
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Dividing VAB(1) by the primary current IP results in the fundamen-
tal frequency input impedance Z of the resonant circuit. By means 
of the phase of the impedance Z the second system equation for 
the CCV could be set up. The phase shift between the fundamental 
component of the input voltage VAB(1) and the resonant current IP is 
on the one hand determined by the phase of Z. On the other hand 
this phase shift is determined by the ZCS condition (one leg is 
always switched at the zero crossing of the resonant current IP) 
and the duty cycle D (cf. Fig. 7). Equating both conditions yields 

 Im( Z ) (1-D)   arctan  
2 Re( Z )
π ⎛ ⎞
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⎝ ⎠

. (18) 

 
 

With the absolute value of the impedance Z the absolute value of 
the primary resonant current IP could be calculated as 
 

 INP
4 cos( 2   (1-D))I  = V  

Z
π

π
⋅⋅ . (19) 

 

Now the absolute value of IS could be calculated with equations 
(6) by substituting IP by (19) and ΦS by means of (16). The result-
ing equation for |IS| is used for calculating the output voltage VOUT 
by (13). This output voltage must be equal to the load voltage 
which is given by the load characteristic and the output current 
IOUT.  

 S
Off OUT

P

2 I sin
V R I     

C
α

πω
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Equation (20) is the third system equation for the CCV. By solv-
ing the three system equations [(14), (18) and (20)] numerically 
the output voltage VOUT, the output current IOUT, the duty cycle D 
and α can be calculated for a given frequency f and load character-
istic VOff & R or vice versa. 
 The CCV occurs if the resonant current IS is larger than the out-
put current IOUT when the capacitor voltage VCP falls to zero at the 
angle α. Therefore, the limit for the CCV is given by 
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 3.3 Discontinuous Capacitor Voltage Mode (DCV)  In con-
trast to the CCV the value of the resonant current IS at the angle α 
(where VCP falls to zero) is smaller than IOUT in the DCV. As long 
as the resonant current IS is smaller than IOUT the capacitor voltage 
VCP is clamped to zero by the negative difference between IS and 
IOUT [-(IS - IOUT)] which flows through the rectifier diodes. From 
the angle β on IS is larger than IOUT and in the same manner as in 
CCV the positive difference between the currents (IS - IOUT) charg-
es the capacitor CP. Thus the capacitor voltage is given by (~(12) 
in [6]) 
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Again, the average value of the capacitor voltage VCP must be 
equal to the output voltage. After carrying out the integration the 
expression could be simplified by using IS·sin(α+β) = IOUT. The 
result of this operation is given in (~(14) in [6]) 
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In the DCV two equations are needed for calculating the angles α 
and β. One is obtained by setting VCP equal to zero at the end of 
every half cycle VCP(α+π)=0 (~(15) in [6]) 
 

 cos( + ) + cos( ) + ( ) sin( + ) = 0α β α β π α β− ⋅ . (24) 
 

 
Fig. 7.  Phase shift between VAB(1) and IP (including magnetizing current Iµ) 

and between IS and IP (due to Iµ). 



 

The second one is given by IS·sin(α+β) = IOUT which relates the 
angles α and β with the absolute value of the resonant current on 
the secondary IS and with the output current IOUT. In order to elim-
inate IS this equation is put in (23) which is set equal to the load 
voltage VOUT = VOff + R·IOUT. This results in (~(15) in [6]). 
 

 ( )
2 2

Off
P

OUT

( ) cos( ) sin( ) sin( )

V
1 R C 0.

2 I

π β α β α α β

π ββπ ωπ

− ⋅ + + + + ⋅

⎡ ⎤⎛ ⎞ ⎛ ⎞+⋅ + − − + ⋅ =⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠ ⎦⎣

 (25) 

The third and fourth system equation are given by (18) and (20) 
which are derived {by (16), (17) and (19)} in the same manner as 
described for the CCV except for setting β = 0 in ZCpR in (16). 
 Due to the offset voltage of the load characteristic (25) is de-
pendent on the output current IOUT. Consequently, the two nonlin-
ear equations for the angles α and β {(24) and (25)} must be 
solved numerically together with (18) and (20). 
 Instead of applying the described reluctance model for the mag-
netic device for calculating the flux distribution in the core it is 
also possible to use the standard network model equations of a 
transformer 

 P 1 P s

S P 2 s

V j L I j MI
V j M I j L I

ω ω
ω ω

= +
= +

 (26) 

and calculate the flux through the primary and the secondary 
winding by 

 P SP s
P S

1 1U and U
j N j N

φ φ
ω ω

= ⋅ = ⋅ . (27) 

For simple transformer designs the leakage flux could be approx-
imated by the difference of the primary and the secondary flux. 
This is, however, limited to standard transformer designs. More 
sophisticated transformers (e.g. integrated magnetic devices or 
transformers with two magnetic shunts and/or leakage flux in the 
window) can not be described by the network equations as accu-
rately as with the description of the device by magnetic reluctanc-
es. Furthermore, the magnetic reluctances directly depend on the 
geometry of the device what could be used in an optimisation 
process of the converter. The values for L1, L2 and M in (26) must 
either be measured or calculated by a FEA and/or a reluctance 
model. Thus, the approach with reluctance models is directly 
based on the physics and the geometry of the device and therefore 
is used for the proposed calculation method. 
 

 4. Validation of the Analytic Model 
 

 For validating the equations the results of the calculations are 
compared with simulation and measurement results in the follow-
ing. First, the simulation results of a series-parallel resonant con-
verter, which is operating in the CCV and the DCV, are compared 
with the analytic calculations. Thereafter, measurement and ana-
lytic results for a magnetically integrated transformer, which real-
ises the series inductance of the resonant tank by its leakage in-
ductance, are shown. Finally, measurement results for an electro-
magnetically integrated transformer are compared with the analyt-
ic calculations. 
 In Fig. 8 the results for the operating frequency and the duty 
cycle of the analytic calculations and of the simulation of the se-
ries-parallel resonant converter are shown. The simulation is real-
ised with SIMPLORER� and includes a physical transformer 
model, where the flux values in the different legs of the transform-
er also can be simulated. The value of the resonant tank elements 
and the load are: 

• Series inductance Ls = 12.5µH 
• Series capacitance Cs = 35nF 
• Parallel capacitance Cp = 110nF 
• Load: R = 0.04Ω / VOff = 20V 

For these values the converter is in the CCV mode for light load 
(app. up to 45A output current) and in the DCV mode for heavy 

load. The crossover between the two analytic models describing 
the different modes is very smooth. 
 In Fig. 9 the values for the flux through the primary and the 
secondary winding and the leakage flux are shown. As one can see 
the analytical results are in very good correspondence with the 
results of the simulation. 

  
In the next step the analytic and the simulation results are com-
pared with measurement results, which are obtained with the con-
verter shown in Fig. 10. There, the resonant tank is built up with 
discrete elements except for the series inductance which is inte-
grated in the transformer. The secondary winding of the trans-
former has a midpoint connection and its turn ratio is 14:2:2. The 
values of the resonant tank elements and the load are: 

• Series inductance Ls = 37µH 
• Series capacitance Cs = 88nF 
• Parallel capacitance Cp = 348nF 
• Load: R = 0.27Ω / VOff = 0V. 
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Fig. 9.  Fluxes (|ΦP|, |ΦS| and |ΦP+ΦS|) in the three legs of the E-core 

against output current. Solid lines: results of simulations. Broken lines: 
predictions of proposed analytic model. 
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Fig. 8.  Duty cycle D / frequency f against output current.  

Solid lines: results of simulations.  
Broken lines: predictions of proposed analytic model. 

 
Fig. 10.  Prototype of a 5kW/500kHz series-parallel resonant convert-

er with ZCS in one and ZVS in the other leg. 



 

In Fig. 11 the results for the operating frequency and for the duty 
cycle and in Fig. 12/13 the results for the flux through the primary 
and the secondary winding and the leakage flux are given. There, 
the converter is just operating in the DCV due to the small value 
of the load resistance. 

The flux values can be measured by integrating the voltages across 
the windings. With this method the leakage flux is calculated as 
difference between the primary and the secondary flux. A more 
accurate method is to use a measurement winding (one turn) 
around the two legs of the core and the magnetic shunt and inte-
grate the induced voltages. Therewith, the leakage flux could be 
measured directly. 
 

 

Again, the results for the analytic calculation, for the simulation 
and also for the measurement correspond very well. 
 Finally, the results for an electromagnetic integrated transformer 
shown in Fig. 14 are presented. There, the series capacitance is 
realised by the primary winding and the parallel capacitance by 
the secondary winding. Moreover, the series inductance is imple-
mented by increasing the leakage inductance of the transformer. 
The basic principles of integrating capacities and inductivities are 
explained in [7 - 10] and the design of the enclosing winding 
structure is presented in [10]. The values of the integrated resonant 
tank elements are: 

• Series inductance Ls = 21µH 
• Series capacitance Cs = 37nF 
• Parallel capacitance Cp = 115nF. 

 
With the electromagnetically integrated transformer the flux val-
ues in the different legs of the core must be measured with addi-
tional windings around the legs of the core (as described above). 
This is especially true for the primary winding since the measured 
voltage at the connections of the winding is the sum of the voltage 
across the series capacitance and the induced voltage which is not 
directly linked with the primary flux. 

The reluctance model of the integrated transformer and the circuit 
diagram of the rectifier with load are given in Fig 15. The corre-
sponding equations are given in (28). 

 ( )( )
P P M 1 P S

S S S M 2 P S

N I =   - 

2N I = - +
σ

σ

Φ Φ

Φ Φ Φ

ℜ ℜ

ℜ ℜ ⋅ +
 (28) 

In Fig. 16 the measured and calculated operating frequency and 
duty cycle against the output current are plotted and in Fig. 17 the 
values for the primary, the secondary and the leakage flux are 
shown. Again, the converter is just operating in the DCV-mode 
due to the relation between the resonant tank elements and the 
load. 
 Remark: One leg of the converter is always switched at the zero 
crossing of the resonant current IP (ZCS). In order to avoid for the 
complete load range that the anti-parallel diode of the MOSFET is 
turned of hardly the ZCS leg must be switched always a little bit 
before the zero crossing. This safety margin varies with the load 
current and also influences the actual switching frequency of the 
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Fig. 11.  Duty cycle D / frequency f against output current. 
Solid lines: results of simulations. 

Broken lines: predictions of proposed analytic model 
Dot and dash line: measurement results. 
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Fig. 13.  Leakage Flux (|ΦP+ΦS|) in the magnetic shunt of the E-

core against output current. Solid lines: results of simulations. Bro-
ken lines: predictions of proposed analytic model. Dot and dash 

line: measurement results. 

 
Fig. 14.  Electromagnetically integrated transformer 
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Fig. 12.  Fluxes (|ΦP| and |ΦS|) through the two windings against output 

current. Solid lines: results of simulations.  
Broken lines: predictions of proposed analytic model.  

Dot and dash line: measurement results. 
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Fig. 15.  Magnetic circuit diagram of the electromagnetically integrated 

transformer with rectifier and load  



 

converter. This effect is not included in the proposed analytic 
model and causes the relatively large deviation (approximately 
7.5%) of the calculated result from the measured result for large 
output currents in Fig. 16. 

 

 
The values predicted by the proposed calculation method are again 
in good correspondence with the measurement results. 
 As shown above the proposed analytic model for the series-
parallel resonant converter predicts accurately the operating fre-
quency, the duty cycle, all the voltages and currents (amplitude 
and phase) and also the flux values in the core if the resonant tank 
elements, the input voltage, the load current and the load are given 
(cf. Fig. 2). Furthermore, the model just consists just of a set of 
three equations for the CCV / four equations for the DCV which 
are solved numerically in order to calculate the operating point. 
The computation time is in the range of a few seconds (<30s on a 
Pentium IV, 2.8 GHz for DCV). Thus, the analytic model could be 
used in the proposed optimisation procedure (Fig.2). 
 The grey shaded area in Fig. 18 - where the volume of the reso-
nant circuit (i.e. the volume of the capacitors plus the volume of 
the integrated transformer) against the operation frequency at full 
load is given – shows the region for the volume and the frequency 
which could be reached if the values of the components is varied 
within the following bounds: CS = 20..250nF  /  CP = 70..600nF  /  
LS = 1..10µH. This area is determined by varying the value of the 
series capacitance, the series inductance and the parallel capaci-
tance within the given bounds and calculating the optimal volume 
of the converter for each fixed triple <CS, CP, LS> with the de-

scribed optimisation procedure (cg. Fig. 2 – except the “Global 
Optimisation Algorithm” which is replaced by a for-next-loop). 
Each cross in Fig. 18 marks a volume obtained for one triple <CS, 
CP, LS> whereby the number of primary and secondary turns is 
kept constant (N1 = 14 and N2 = 2). As one can see there is a dis-
tinct minimum of the volume close to 400kHz. Increasing or de-
creasing the operation frequency leads to an increasing volume. 
The values of the different parameters for the minimum volume 
calculated with the optimisation procedure are given in Table 1.  
 The presented result for the optimisation is based on the follow-
ing data: 
  Core material: N87 from Epcos 
  Winding: Foil winding / solid wire 
  Transformer: Fixed power loss per surface area 
  (Core: 1200W/m2 || Winding: 2200W/m2) 
  Centre Tapped secondary winding (Fig. 14) 
  MOSFETs: APT50M75B2LFLL from APT 
  Capacitors: Reference B32671 series from Epcos 
  Cooling capacity of heatsink: 200W/dm3 

 The “Global Optimisation Algorithm” of the optimisation pro-
cedure has been replaced by a for-next-loop in order to see the 
sensitivity of the minimum i.e. the penalty one has to pay if the 
designed values for the components of the resonant tank are not 
equal to the optimal ones. 
 

 
 

Table 1.  Optimal converter design for parameter range of Fig. 17 
 

Volume: 1.36dm3    Efficiency: 93%    Power Density: 2.85 kW/dm3 

 

 
Transformer: 
 
  • Width:    7.5 cm 
  • Breadth:   1.8 cm 
  • Height: 13.8 cm 
  • Volume: 0.14 dm3 
  • Flux Density:    60 mT 
 

Operation Point: 
   • Output Power:  3.9 kW  • Output Voltage:  48 V 
   • Output Current: 80 A  • Input Voltage:  320 V  
  • Nominal Frequency 382 kHz  • Duty Cycle:  0.47  

Resonant Circuit: 
  • Series Capacitor 190 nF  • Parallel Capacitor 490 nF 
   • Series Inductance 5 µH  • Turns Ratio 7 
   • Volume CS + CP 47.2 cm3  • Primary Turns 14 

 
 

 
Fig. 18.  Volume of the resonant circuit (CS + CP + LS + transformer) for 

parameter range:  CS = 20..250nF  /  CP = 70..600nF  / 
LS = 1..10µH  /  N1 = 14  /  N2 =  2 
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Further results of the optimisation procedure for different design 
specifications, materials and constraints will be presented in a 
future paper. 
 5. Conclusion 
 

 In this paper an analytic model for the series-resonant converter 
including the magnetic device is presented. This model includes 
also a ZCS condition for one leg of the converter and the control 
of the converter by frequency and duty cycle. The calculated re-
sults of the analytic model and for the flux distribution within the 
magnetic core correspond very well with the simulation and the 
measurement results presented for different resonant circuits.  
 With the presented analytic model it is possible to calculate the 
operating frequency, the duty cycle, all the currents and voltages 
and the flux distribution in the transformer for given input voltage, 
load resistance, load offset voltage and output current. The re-
quired calculation time for the model is low, so that the model 
could be used in the presented automatic optimisation procedure 
which optimises, for example, the overall converter volume or the 
efficiency of the converter system.  
 Within the optimisation procedure the losses in the transformer, 
the capacitors and the semiconductor are calculated and the (inte-
grated) magnetic device is optimised in an inner optimisation loop 
and the overall converter volume in a second optimisation algo-
rithm. A telecom power supply is designed with the proposed 
analytic model and optimisation procedure and the resulting de-
sign of the supply is presented (Output Power: 3.9kW, Overall 
converter Volume: 1.36dm3, Efficiency: 93% and Power Density: 
2.85 kW/dm3).  
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