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LiRA-5

LiRA-6

LiRA-2

LiRA-3

LiRA-4

MB MBR

MB MBR

L
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MB+R MB+R
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MB MBL R

MB+R MB+RL

MB+L MB+LR

MB+R+L MB+R+L

zΔ

zΔ zΔ

zΔ zΔ

zΔ

Linear (L) + Rotary (R) + Magnetic Bearings (MBs)

Interior or Exterior Rotor Combined: Interior and Exterior Rotor
(Double Stator)
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Δ𝑧

𝑧stroke
0

𝑧stroke
0

𝑧stroke
0

0

0

0

0

0

𝑟 𝑅 𝐿
𝐵ag

𝐽
𝐽

𝑇int
Ψ̂ 𝐼int

𝑇int ∼ Ψ̂𝐼int Ψ̂
𝑁 Φ̂

𝑁 Ψ̂ = 𝑁 Φ̂
𝑇int ∼ Φ̂ · 𝑁𝐼int Φ̂

𝐵ag 𝐴ag 𝑁𝐼int



𝐽int 𝐴w 𝑁𝐼int = 𝐽int𝐴w

𝑇int ∼ 𝐴ag𝐴w𝐵ag 𝐽int

𝐴ag 𝐴w

𝑅 𝑟
𝐴ag ∼ 𝑟𝐿

𝐿
𝐴w ∼ (𝑅2 − 𝑟 2)

𝐵ag
𝑇int ∼ 𝑟 (𝑅2 − 𝑟 2)𝐿 · 𝐽int

𝑥r = 𝑟/𝑅

𝑇int = 𝐾T · 𝑅3𝐿 · 𝑥r (1 − 𝑥2r ) · 𝐽int,

𝐿 100mm

𝑅 100mm

2mm

2mm

2mm

16(8)
16(8)

6

12

𝑉 𝜋𝑅2𝐿
𝑉stator 𝜋 (𝑅2 − 𝑟 2)𝐿

𝑥r 𝑟/𝑅

1.3 T
10 000

𝑇w 𝜌cu 2.36 × 10−8 m

𝑘cu = 𝑉cu/𝑉stator 0.36

𝐾J 2
√
Δ𝑇 /(𝜌cu𝑘cu)

𝑇w 120 C

𝑇amb 40 C

Δ𝑇 𝑇w −𝑇amb

ℎ 10W/(Km2)
(𝜆w) 2W/(Km)
(𝜆fe) 22W/(Km)
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CuP in
thR out

thR ambT

wT

𝑅
𝑟

𝐾T

𝐽int
𝐽int = 𝐽int (𝑃cu)

𝑃cu 𝑃cu = 1/2𝑅cu𝐼 2int
𝐽int =

√(2𝑃cu)/(𝜌cu𝑉cu) 𝜌cu
𝑉cu

𝑉cu = 𝑘cu𝑉stator
𝑃cu

𝑅th
in

𝑅thout

𝑅thin =
1

𝜆w

ln(𝑅/𝑟 )
2𝜋𝐿

, 𝑅thout =
1

ℎ

1

2𝜋𝑅𝐿
,

𝜆w ℎ

𝑃cu = Δ𝑇 /(𝑅th
in
+ 𝑅thout)
𝑉cu = 𝑘cu · 𝜋 (𝑅2 − 𝑟 2)𝐿

𝑘cu
0.6



0.6 60% 40% 𝑘cu
𝑘cu = 0.6 · 0.6 = 0.36

𝐽int = 𝐾J · 1
𝑅

1√
1 − 𝑥2r

1√
ln(1/𝑥r)
𝜆w

+ 1

ℎ𝑅

,

𝐾J

𝐽int

𝑇int
𝑡int = 𝑇int/𝑉 𝑇int

𝑉

𝑡int =
𝐾T𝐾J

𝜋
· 𝑥r

√
1 − 𝑥2r ·

1√
ln(1/𝑥r)
𝜆w

+ 1

ℎ𝑅

.

𝑥r
𝑥r 𝑅

𝜆w ℎ

𝜆w → ∞ ℎ → ∞

𝜆w → ∞ 𝑅th
in
→ 0

ℎ

𝑡int
𝑡int ∼

√
𝑅

𝑥r = 0.707 𝑥r
√
1 − 𝑥2r

ℎ → ∞ 𝑅thout → 0

ℎ

𝑥r 𝑅th
in
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𝑡int 𝜆w → ∞
ℎ → ∞ 𝑡int



𝐹int
𝐹int ∼ Ψ̂𝐼int

𝐹int ∼ 𝐴ag𝐴w𝐵ag 𝐽int 𝐴ag

𝐴w 𝑅 𝑟
𝐴ag ∼ 𝑟𝐿

𝐴w ∼ (𝑅 − 𝑟 ) 𝐿 𝐵ag
𝐹int ∼ 𝑟 (𝑅 − 𝑟 )𝐿2 · 𝐽int

𝑥r

𝐹int = 𝐾F · 𝑅2𝐿2 · 𝑥r (1 − 𝑥r) · 𝐽int,

𝐾F

𝐽int
𝑓int

𝐹int 𝑉

𝑓int =
𝐾F𝐾J

𝜋
· 𝐿
𝑅
· 𝑥r

√
1 − 𝑥r
1 + 𝑥r ·

1√
ln(1/𝑥r)
𝜆w

+ 1

ℎ𝑅

.

𝐿/𝑅

𝐿/𝑅

𝜆w → ∞
𝑓int ∼ 𝐿/√𝑅 𝑥r

𝑓int ∼ 𝑥r
√
(1 − 𝑥r)/(1 + 𝑥r)
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𝑓int (𝜆 → ∞, ℎ)
𝑥r = 0.618

ℎ → ∞
𝑓int ∼ 𝐿/𝑅

𝑥r
𝜆w ℎ

𝑇ext
𝑇ext ∼ 𝐴ag𝐴w𝐵ag 𝐽ext

𝐴ag ∼ 𝑅𝐿 𝐴w ∼ (𝑅2−𝑟 2)
𝐵ag 𝑇ext ∼ 𝑅(𝑅2 − 𝑟 2)𝐿 · 𝐽ext

𝑥r = 𝑟/𝑅

𝑇ext = 𝐾T · 𝑅3𝐿 · (1 − 𝑥2r ) · 𝐽ext,

𝐾T
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𝑇w

𝑟

𝜆fe/𝜆w ∼ 10

𝑃cu

𝑅th
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𝑅th
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𝑅th
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= 𝑅th
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𝑅thin =
1

2𝜆fe

𝐿

𝜋𝑟 2
, 𝑅thout =

1

ℎ

1

𝜋𝑅2
,

𝜆fe

𝐽ext = 𝐾J · 1√
𝐿
· 1√

1 − 𝑥2r
· 1√

1

𝜆fe

𝐿

𝑥2r
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ℎ

,

𝐾J

𝑉

𝑡ext =
𝐾T𝐾J

𝜋
· 𝑅√

𝐿
·
√
1 − 𝑥2r ·

1√
1

𝜆fe

𝐿
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ℎ

.

𝑡ext
𝑅 𝐿

ℎ → ∞ 𝜆fe → ∞
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𝑡ext 𝜆fe
ℎ 𝑡ext 𝑡ext



𝐾T 𝐾F

N/(Am3) N/(Am2)

𝐹ext
𝐹ext ∼ 𝐴ag𝐴w𝐵ag 𝐽ext

𝐴ag ∼ 𝑅𝐿 𝐴w ∼ (𝑅 − 𝑟 ) 𝐿
𝐵ag 𝐹ext ∼

𝑅(𝑅 − 𝑟 )𝐿2 · 𝐽ext 𝑥r = 𝑟/𝑅
𝐹ext = 𝐾F · 𝑅2𝐿2 · (1 − 𝑥r) · 𝐽ext,

𝐾F

𝑓ext =
𝐾F𝐾J

𝜋
·
√
𝐿 ·

√
1 − 𝑥r
1 + 𝑥r ·

1√
1

𝜆fe

𝐿

𝑥2r
+ 2

ℎ

.

𝑓ext 𝐿
𝐿

𝜆fe ℎ

𝐾T 𝐾F
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𝐿
Δ𝑧 𝐿R

𝐿L 𝐿
Δ𝑧

𝑧𝑠𝑡𝑟𝑜𝑘𝑒
Δ𝑧 = 0

𝑉𝑅 𝑉𝐿

Δ𝑧 𝑉𝑧
𝑧𝑠𝑡𝑟𝑜𝑘𝑒
𝑉𝐴 𝑇

𝐹
𝑉𝐴 = 𝑉𝑅 + 𝑉𝐿 + 𝑉𝑧

𝑅 𝐿 = 𝐿𝑅 + 𝐿𝐿 + Δ𝑧
Δ𝑧 𝐿𝑅 𝐿𝐿
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0.67=rx
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relt
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relf

𝑧stroke

𝑥r 𝑡 rel
int

= 𝑡int/max(𝑡int) 𝑓 rel
int

=
𝑓int/max(𝑓int) 𝑥r = 0.711

𝑥r = 0.624
𝑥r = 0.67



𝐿
𝐿𝑅 𝐿𝐿

𝐿𝐿 = 0 𝐿𝑅 = 𝐿 − Δ𝑧

𝐿𝑅
𝑇 = 𝑡 ·𝑉𝑅 ∼ 𝑡 · 𝐿𝑅

𝐹 = 𝑓 ·𝑉𝐿 ∼ 𝑓 · 𝐿𝐿
𝑧stroke

𝑧stroke 𝑧stroke = 100mm

𝐿/2 = 50mm 𝐿/2
𝑧stroke > 𝐿/2

1/2
𝐾T 𝐾F

𝑧stroke

𝐿R,LR + 𝐿L,LR + Δ𝑧 = 𝐿R,S + 𝐿L,S + Δ𝑧,

𝐾T,LR ·𝐿R,LR = 𝐾T,S ·𝐿R,S 𝐾F,LR ·𝐿F,LR = 𝐾F,LR ·𝐿R,S

𝑥r

𝑟 𝑥r
𝑥r

𝑥r = 0.711
𝑥r = 0.624

𝑥r = 0.67

𝑧stroke
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ci
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au

cu
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xϕ
dq�

dq� �
�

�

�

tRω
tRω

(a) (b)b

c

a
aψ

bψ

cψ

dqx

R,L

R,L

R,L

tRiωexiϕeRX̂=x

3

120 2

𝜔R

(�,�) (�dq,�dq)

3 2

120

𝑢 {a,b,c}
𝑖 {a,b,c} 𝜓 {a,b,c} 120

𝑋R

𝜔R𝑡 + 𝜑𝑥 ⎡⎢⎢⎢⎢⎣
𝑥a
𝑥b
𝑥c

⎤⎥⎥⎥⎥⎦ = 𝑋R ·
⎡⎢⎢⎢⎢⎣
cos (𝜔R𝑡 + 𝜑𝑥 + 𝛾a)
cos (𝜔R𝑡 + 𝜑𝑥 + 𝛾b)
cos (𝜔R𝑡 + 𝜑𝑥 + 𝛾c)

⎤⎥⎥⎥⎥⎦ ,
𝑥 𝑢 𝑖 𝜓 𝑥 ∈ {𝑢, 𝑖,𝜓 }

𝑋R ∈ {𝑈R, 𝐼R, Ψ̂R} 𝜑𝑥
𝛾a = 0 𝛾b = −120 𝛾c = 120

𝑥a + 𝑥b + 𝑥c = 0

{𝑥a, 𝑥b, 𝑥c} 2

3 𝑥c =
−𝑥a − 𝑥b

(�,�)



(�,�)

𝑥
Δ
=
2

3

[
1 𝑎 𝑎2

] ⎡⎢⎢⎢⎢⎣
𝑥a
𝑥b
𝑥c

⎤⎥⎥⎥⎥⎦
𝑎 = 𝑒𝑖 (2𝜋/3) 𝑖

(�,�)

𝑥 

 = 𝑋R

arg(𝑥) = 𝜔R𝑡 + 𝜑𝑥

𝑥 = 𝑋𝑒𝑖𝜑𝑥 𝑒𝑖𝜔R𝑡 .

𝑥a = �{𝑥}, 𝑥b = �{𝑎2 𝑥}, 𝑥c = �{𝑎 𝑥}.

(�dq,�dq)
𝑑𝑞 𝑑𝑞

𝜔R

𝑥dq = 𝑥 𝑒
−𝑖𝜔R𝑡 = 𝑋𝑒𝑖𝜑𝑥

(𝑥dq = 𝑥d + 𝑖𝑥q) 𝑑𝑞

𝑋R =
√
𝑥2
d
+ 𝑥2q

𝜑𝑥 = atan2(𝑥q/𝑥d) atan2

𝑥dq 𝑑
±𝜋/2

𝑥
𝑥dq

𝑇z



𝑝el =
∑
𝑘={𝑎,𝑏,𝑐 } 𝑢𝑘𝑖𝑘

𝑝el = �{3/2𝑢 𝑖∗} = �{3/2𝑢dq 𝑖∗dq} ∗

3

𝑢 = 𝑅𝑖 + 𝐿𝑑𝑖
𝑑𝑡

+
𝑑𝜓

𝑑𝑡
,

𝑅 𝐿

𝑝el =
3

2
𝑅𝐼 2R +

3

2
𝐿�

{
𝑑𝑖

𝑑𝑡
𝑖∗
}
+ 3

2
�

{
𝑑𝜓

𝑑𝑡
𝑖∗
}
.

3/2𝑅𝐼 2R
3/2𝐿� {

𝑑𝑖/𝑑𝑡 𝑖∗}
3/2�

{
𝑑𝜓/𝑑𝑡 𝑖∗

}
𝜓

𝜓 = Ψ̂R𝑒
𝑖𝜑𝜓 𝑒𝑖𝜔R𝑡 = (𝜓d + 𝑖𝜓q)𝑒𝑖𝜔R𝑡

𝑑𝑞 𝑑 �dq

𝜓 𝜑𝜓 = 0

𝜓 = Ψ̂R𝑒
𝑖𝜔R𝑡

𝑑𝑞 𝜓
dq

= 𝜓d = Ψ̂R

𝑖∗ = (𝑖dq𝑒𝑖𝜔R𝑡 )∗ =

𝑖∗
dq
𝑒−𝑖𝜔R𝑡 𝑑𝑞 𝑖∗

dq
= 𝑖d−𝑖 𝑖q

𝜓 𝑖∗

3

2
�

{
𝑑𝜓

𝑑𝑡
𝑖∗
}
=
3

2

𝑑Ψ̂R

𝑑𝑡
𝑖d + 𝜔R

3

2
Ψ̂R 𝑖q,

Ψ̂R



Ψ̂R

𝑑 𝑖d

𝑝mech = Ωmech𝑇z Ωmech

rad/s 𝑇z

𝜔R = 𝑁pp,RΩmech 𝑁pp,R

𝑇z =
3

2
𝑁pp,R Ψ̂R𝑖q .

𝑞
𝑖q

𝑁pp,R

𝑁pp,R

𝑁pp,B = 𝑁pp,R ± 1

𝑁pp,R ± 1

6

𝑁pp,R = 4

𝑊T = {𝑖a, 𝑖b, 𝑖c, 𝑖a, 𝑖b, 𝑖c}



𝑁pp,B = 4 ± 1

6 3

𝑁pp,B = 5

𝑊B = {𝑖a,−𝑖b, 𝑖c,−𝑖a, 𝑖b,−𝑖c} 𝑊T

𝑊B

𝑊B

𝐹x 𝐹y

0

𝑥 = 0

𝑦 = 0

𝑥 ≠ 0

𝑦 ≠ 0

𝜓 {a,b,c} =
𝑑Ψ̂R

𝑑𝑥
𝑥 cos(𝜔R𝑡 + 𝜑𝜓 + {𝛾a, 𝛾b, 𝛾c})−

𝑑Ψ̂R

𝑑𝑦
𝑦 sin(𝜔R𝑡 + 𝜑𝜓 + {𝛾a, 𝛾b, 𝛾c}),

𝑑Ψ̂R/𝑑𝑥 𝑑Ψ̂R/𝑑𝑦

𝑥
𝑥

𝑥

𝑑Ψ̂R/𝑑𝑥 =
𝜒pm,x (𝑑Ψ̂R/𝑑𝑥) 𝑥 = 𝜒pm,x 𝑥



ai au
+

-

�

ai au
+

-

�

ai au
+

-

�

ai au
+

-

�positive
flux

direciton

(a)

a-a

R,L

x

y

b

c

aψ

y

x

(c)

a-a

R,L

x

y

b

c

aψ

(d)

a-a

R,L

x

y

b

c

aψ

(b)

a-a

R,L

x

y

b

c

aψ

ψ+ψ-

ψ+ Δψ ψ- Δψ- Δ

ψ+ Δψ−

𝑥 𝑦

𝜓a = +𝜓 −𝜓 = 0

𝑥 𝑥 (𝜔R𝑡 +𝜑𝜓 ) = 0

𝜓a = +𝜓 + Δ𝜓 −𝜓 + Δ𝜓 = 2Δ𝜓
𝑑Ψ̂R/𝑑𝑥

𝜓a = (𝑑Ψ̂R/𝑑𝑥) 𝑥 𝑦 𝑦
(𝜔R𝑡 + 𝜑𝜓 ) = 𝜋/2

𝜓a = −Δ𝜓 − Δ𝜓 = −2Δ𝜓
𝑑Ψ̂R/𝑑𝑦 𝜓a = −(𝑑Ψ̂R/𝑑𝑦) 𝑦



(𝜔R𝑡 + 𝜑𝜓 ) = 0 180

0

−1 90 270

𝑥

𝑥
(𝑑Ψ̂R/𝑑𝑥) 𝑥 = 𝜒pm,x 𝑥 cos(𝜔R𝑡 + 𝜑𝜓 + 𝛾a)

𝑥 𝑦

𝑦
(−𝑑Ψ̂R/𝑑𝑦) 𝑦 = −𝜒pm,y 𝑦 𝑑Ψ̂R/𝑑𝑦 =
𝜒pm,y

𝑦 sin(𝜔R𝑡 +
𝜑𝜓 + 𝛾a)

𝜒pm,x = 𝜒pm,y = 𝜒pm,R

𝜓 = 𝜒pm,R (𝑥 + 𝑖𝑦) 𝑒𝑖𝜑𝜓 𝑒𝑖𝜔R𝑡 ,

𝑥 𝑦
𝑑𝑞 𝜓

dq
= 𝜒pm,R (𝑥 + 𝑖𝑦) 𝑒𝑖𝜑𝜓

𝑑𝑞 𝜑𝜓 = 0

𝜓
dq

= 𝜒pm,R (𝑥 + 𝑖𝑦)
𝐹x 𝐹y

𝑝el
𝑝el = �{3/2𝑢 𝑖∗} = �{3/2𝑢dq 𝑖∗dq}

3

2
�

{
𝑑𝜓

𝑑𝑡
𝑖∗
}
=
3

2
𝜒pm,R

(
𝑣x𝑖d + 𝑣y𝑖q

) +
3

2
𝜒pm,R𝜔R

(
𝑥𝑖q − 𝑦𝑖d

)
,

𝑣x = 𝑑𝑥/𝑑𝑡 𝑣y = 𝑑𝑦/𝑑𝑡 𝑥 𝑦



(a) (b)
z

r ϕ

North
PM Pole

South
PM Pole

ai
bi

ci

ppτ

𝜏pp

𝑝mech = 𝑣x 𝐹x + 𝑣y 𝐹y + Ωmech𝑇z 𝑝mech

𝐹x =
3

2
𝜒pm,R 𝑖d, 𝐹y =

3

2
𝜒pm,R 𝑖q .

𝑖d 𝑖q

𝑇z = (3/2) 𝑁pp,R 𝜒pm,R (𝑥𝑖q−𝑦𝑖d)

𝜏pp

⎡⎢⎢⎢⎢⎣
𝑥A
𝑥B
𝑥C

⎤⎥⎥⎥⎥⎦ = 𝑋L ·
⎡⎢⎢⎢⎢⎣
cos (𝜔L𝑡 + 𝜃𝑥 + 𝛾A)
cos (𝜔L𝑡 + 𝜃𝑥 + 𝛾B)
cos (𝜔L𝑡 + 𝜃𝑥 + 𝛾C)

⎤⎥⎥⎥⎥⎦ ,
𝑋L ∈ {𝑈L, 𝐼L, Ψ̂L} 𝜔L

𝜃𝑥 𝛾A = 0 𝛾B = −120 𝛾C = 120



Ωmech 𝜔R

𝑣z

𝜔L =
2𝜋

𝜏pp
𝑣z.

3

2
�

{
𝑑𝜓

𝑑𝑡
𝑖∗
}
=
3

2

𝑑Ψ̂L

𝑑𝑡
𝑖d + 𝜔L

3

2
Ψ̂L 𝑖q,

Ψ̂L

𝑝mech = 𝑣z𝐹z

𝐹z =
3𝜋

𝜏pp
Ψ̂L𝑖q .

𝑞 𝑖q



𝑁pp,R

𝜏pp

cos(𝜔R𝑡) cos(𝜔L𝑡)

𝜔L



(a) (b)
z

r ϕ

North
PM Pole

South
PM Pole

ppτ

aAi
aBi

bBi

aAi

bAi

bAi

cAi

cAi

aCi

bCi

6

3

𝑁pp,R = 4 𝜏pp

𝜔R

𝑥 {a,b,c}{A,B,C} = 𝑋RL cos (𝜔R𝑡 + 𝜑𝑥 + {𝛾a, 𝛾b, 𝛾c}) ×
cos (𝜔L𝑡 + 𝜃𝑥 + {𝛾A, 𝛾B, 𝛾C}) ,

𝑋RL ∈ {𝑈RL, 𝐼RL, Ψ̂RL} 𝜑𝑥
𝜃𝑥

{a, b, c}
{A, B,C}

𝑖
𝑗

𝑥
Δ
=
4

9

[
1 𝑎 𝑎2

] ⎡⎢⎢⎢⎢⎣
𝑥aA 𝑥aB 𝑥aC
𝑥bA 𝑥bB 𝑥bC
𝑥cA 𝑥cB 𝑥cC

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
1

𝑏
𝑏2

⎤⎥⎥⎥⎥⎦ ,
𝑥 ∈ {𝑢, 𝑖,𝜓 } 𝑎 = 𝑒𝑖 (2𝜋/3) 𝑏 = 𝑒 𝑗 (2𝜋/3)

𝑥

(�𝑖 ,�𝑖 ) (�𝑗 ,�𝑗 )

|𝑥 | = 𝑋RL



arg𝑖 (𝑥) = 𝜔R𝑡 +𝜑𝑥
arg𝑗 (𝑥) = 𝜔L𝑡 +𝜃𝑥

𝑥 = 𝑋RL𝑒
𝑖𝜑𝑥 𝑒 𝑗𝜃𝑥︸��������︷︷��������︸
𝑥
dq

𝑒𝑖𝜔R𝑡𝑒 𝑗𝜔L𝑡 ,

𝑥
dq

𝑑𝑞

4

𝑥
dq

= 𝑥dd + 𝑖𝑥qd + 𝑗𝑥dq + 𝑖 𝑗𝑥qq,

𝑒𝑖𝜔R𝑡 = cos(𝜔R𝑡) +
𝑖 sin(𝜔R𝑡)

𝑥dd

𝑑 𝑖𝑥qd
𝑞

𝑑 𝑗𝑥qd
𝑖 𝑗𝑥qq

𝑞

𝑥 𝑥

𝑥 {a,b,c}{A,B,C}
1, 𝑎, 𝑎2, 𝑏 𝑏2

�⎡⎢⎢⎢⎢⎣
𝑥aA 𝑥aB 𝑥aC
𝑥bA 𝑥bB 𝑥bC
𝑥cA 𝑥cB 𝑥cC

⎤⎥⎥⎥⎥⎦ = �
⎧⎪⎪⎨⎪⎪⎩
⎡⎢⎢⎢⎢⎣
1

𝑎2

𝑎

⎤⎥⎥⎥⎥⎦ 𝑥
[
1 𝑏2 𝑏

] ⎫⎪⎪⎬⎪⎪⎭ .

𝑝el =
∑
𝑚={𝑎,𝑏,𝑐 }

∑
𝑛={𝐴,𝐵,𝐶 } 𝑢𝑚𝑛𝑖𝑚𝑛



𝑝el = �{9/4𝑢 𝑖∗} =

�{9/4𝑢
dq
𝑖∗
dq
}

𝑝el =
9

4
𝑅𝐼 2RL +

9

4
𝐿�

{
𝑑𝑖

𝑑𝑡
𝑖∗
}
+ 9

4
�

⎧⎪⎪⎨⎪⎪⎩
𝑑𝜓

𝑑𝑡
𝑖∗
⎫⎪⎪⎬⎪⎪⎭ .

9/4�
{
𝑑𝜓/𝑑𝑡 𝑖∗

}
𝑑𝑞

𝜑𝜓 = 0 𝜃𝜓 = 0

𝜓 = Ψ̂RL𝑒
𝑖𝜔R𝑡𝑒 𝑗𝜔L𝑡

𝑖∗ = 𝐼RL𝑒−𝑖𝜑𝑖𝑒−𝑗𝜃𝑖𝑒−𝑖𝜔R𝑡𝑒−𝑗𝜔L𝑡 =

𝑖∗
dq
𝑒−𝑖𝜔R𝑡𝑒−𝑗𝜔L𝑡 𝑖∗

dq
= 𝑖dd − 𝑖𝑖qd − 𝑗𝑖dq + 𝑖 𝑗𝑖qq

9

4
�

⎧⎪⎪⎨⎪⎪⎩
𝑑𝜓

𝑑𝑡
𝑖∗
⎫⎪⎪⎬⎪⎪⎭ =

9

4

𝑑Ψ̂RL

𝑑𝑡
𝑖dd + 𝜔R

9

4
Ψ̂RL𝑖qd + 𝜔L

9

4
Ψ̂RL𝑖dq.

Ψ̂RL

𝑝mech = Ωmech𝑇z + 𝑣z𝐹z
𝜔R = 𝑁pp,RΩmech

𝜔L = 2𝜋/𝜏pp 𝑣z

𝑇z =
9

4
𝑁pp,RΨ̂RL 𝑖qd, 𝐹z =

9𝜋

2𝜏pp
Ψ̂RL 𝑖dq.

𝑖qd 𝑖dq
𝑞

𝑑
𝑇z 𝐹z 𝑖qd



𝑖dq

𝑊T = {𝑖a𝑋 , 𝑖b𝑋 , 𝑖c𝑋 , 𝑖a𝑋 , 𝑖b𝑋 , 𝑖c𝑋 } 𝑋
𝑋 ∈ {A, B,C}

𝑊B = {𝑖a𝑋 ,−𝑖b𝑋 , 𝑖c𝑋 ,−𝑖a𝑋 , 𝑖b𝑋 ,−𝑖c𝑋 }

cos
(
𝜔L𝑡 + 𝜃𝜓 + {𝛾A, 𝛾B, 𝛾C}

)

𝜓 {a,b,c}{A,B,C} = 𝜒pm,RL
(
𝑥 cos(𝜔R𝑡 + 𝜑𝜓 + {𝛾a, 𝛾b, 𝛾c})−

𝑦 sin(𝜔R𝑡 + 𝜑𝜓 + {𝛾a, 𝛾b, 𝛾c})
)
×

cos
(
𝜔L𝑡 + 𝜃𝜓 + {𝛾A, 𝛾B, 𝛾C}

)
,

𝜒pm,RL

𝜓 = 𝜒pm,RL (𝑥 + 𝑖𝑦) 𝑒𝑖𝜑𝜓 𝑒 𝑗𝜃𝜓 𝑒𝑖𝜔R𝑡𝑒 𝑗𝜔L𝑡 .

𝑢 𝑖

𝐹x 𝐹y



9

4
�

⎧⎪⎪⎨⎪⎪⎩
𝑑𝜓

𝑑𝑡
𝑖∗
⎫⎪⎪⎬⎪⎪⎭ =

9

4
𝜒pm,RL

(
𝑣x𝑖dd + 𝑣y𝑖qd+

𝜔R (𝑥𝑖qd − 𝑦𝑖dd) + 𝜔L (𝑥𝑖dq + 𝑦𝑖qq)
)
,

𝑣x = 𝑑𝑥/𝑑𝑡 𝑣y = 𝑑𝑦/𝑑𝑡 𝜔R = 𝑁pp,RΩmech 𝜔L = 2𝜋/𝜏pp𝑣z
𝑝mech = 𝑣x𝐹x + 𝑣y𝐹y + 𝑣z𝐹z + Ωmech𝑇z

𝐹x =
9

4
𝜒pm,RL 𝑖dd, 𝐹y =

9

4
𝜒pm,RL 𝑖qd.

𝑖dd 𝑖qd

𝑑

𝑇z = (9/4) 𝑁pp,R 𝜒pm,RL (𝑥𝑖qd − 𝑦𝑖dd)
𝐹z = (9𝜋/2𝜏pp) 𝜒pm,RL (𝑥𝑖dq + 𝑦𝑖qq)



(a) (b)

South
PM Pole

North
PM Pole

Iron
Ring

pmB�θ ϕ

z
r ϕaA

cA

cB
cC

aB
aC

bA
bB

bC ppτ

9

𝑖a𝑋 = 𝑖b𝑋 = 𝑖c𝑋 𝑋 ∈
{A, B,C}

{aA, aB, aC}

𝑑𝑞 𝑖q
3𝜋/𝜏pp Ψ̂M𝑖q 𝜏pp



Ψ̂M

3

𝐹z =
9𝜋

𝜏pp
Ψ̂M 𝑖q .

(9𝜋/𝜏pp) Ψ̂M

𝜏pp = 30mm

Ψ̂M = 8.35mWb

(9𝜋/𝜏pp) Ψ̂M = 7.8N/A

7.6N/A (6)
≈ 2.6%

𝜔R = 0

𝑥 = 𝑋M,b𝑒
𝑖𝜑𝑥 𝑒 𝑗𝜃𝑥 𝑒 𝑗𝜔L𝑡 = 𝑥

dq
𝑒 𝑗𝜔L𝑡 ,

𝑥 ∈ {𝑢, 𝑖} 𝑥
dq

= 𝑋M,b𝑒
𝑖𝜑𝑥 𝑒 𝑗𝜃𝑥

𝜔R = 0

𝜓 = 𝜒pm,M (𝑥 + 𝑖𝑦) 𝑒𝑖𝜑𝜓 𝑒 𝑗𝜃𝜓 𝑒 𝑗𝜔L𝑡 ,

𝜒pm,M
𝐹x 𝐹y

𝜔R = 0

𝐹x =
9

4
𝜒pm,M 𝑖dd, 𝐹y =

9

4
𝜒pm,M 𝑖qd,



𝑖dd 𝑖qd

𝐹z = (9𝜋/2𝜏pp)𝜒pm,M (𝑥𝑖dq + 𝑦𝑖qq)

205 turns

𝜒pm,M ≈ 2.56Wb/m
(9/4) 𝜒pm,M ≈ 5.75N/A

5.94N/m
𝜒pm,M

𝜏pp = 30mm 𝑥 = 10 m

𝑖dq = 6A

𝐹z = (9𝜋/2𝜏pp)𝜒pm,M (𝑥𝑖dq + 𝑦𝑖qq) = 0.07N
∼ 20N

𝑖dq = 6A



𝑑𝑞



4



(a)

(b)

MB 1 MB 2

Standard TLA

Module 1 Module 2

-Drive ForcedF�

-Iron Core

-Winding Area

-North PM Pole

-South PM Pole

dF�

b1F�

, -Bearing Forcesb1F� b2F�

b2F�

MALTA

dF�

b1F� b2F�

D

L

agr

)dF�(

)b2F�,b1F�,dF�(



�𝐹b1 �𝐹b2

�𝐹d
�𝐹b1 �𝐹b2

�𝑇 �𝐹b

�𝐹d



θ

θ

ϕ

Rotational Actuator (RA)

Flat Linear Actuator (FLA)

Tubular Linear Actuator (TLA)

A-A’ Cross Section Siew

A

L
D

A’

B

B’ B-B’ Cross Section View

C

C’

C-C’ Cross Section View

Windings

Stator Core

Permanent
Magnet
(Rotor)

Permanent
Magnet
(Mover)

Windings

Stator Core

Permanent
Magnet
(Mover)

Stator Core

Windings

bF�

T�

bF�

dF�

= 0bF�
∑

dF�



Normalized
PM Flux Density

0

0

1

0.5

-0.5

-1

0

π4π

π

π2 π3

2π/

(rad)θ

(r
a
d
)

ϕ

A CC BB

π−

2π/−

𝜃 𝜑 𝜃
𝑧 𝜑

𝜑

𝜃 𝜑

⎡⎢⎢⎢⎢⎣
𝜓A

𝜓B

𝜓C

⎤⎥⎥⎥⎥⎦ = Ψ̂M

⎡⎢⎢⎢⎢⎣
cos(𝜃 )

cos(𝜃 − 2𝜋/3)
cos(𝜃 + 2𝜋/3)

⎤⎥⎥⎥⎥⎦ ,
Ψ̂M

⎡⎢⎢⎢⎢⎣
𝑖A
𝑖B
𝑖C

⎤⎥⎥⎥⎥⎦ = 𝐼M
⎡⎢⎢⎢⎢⎣

cos(𝜃 + 𝜋/2)
cos(𝜃 + 𝜋/2 − 2𝜋/3)
cos(𝜃 + 𝜋/2 + 2𝜋/3)

⎤⎥⎥⎥⎥⎦ .
𝜋/2



π2

TLA Drive Windings

z

3-Phase

r z

ϕ

A
B

CAi
Bi

Ci

3

𝜑

𝜑

𝜋/2

𝜃 = 2𝜋

{𝜋/2, 3𝜋/2, 5𝜋/2, 7𝜋/2}

𝜃 𝜑



Normalized
Drive Current
Flux Density

0

0

1

0.5

-0.5

-1

0

π4π

π

π2 π3

2π/

(rad)θ

(r
a
d
)

ϕ
A CC BB

2π/−

π−

𝜃 𝜑
𝜃 𝑧 𝜑

Attract

Repel(a) (b) (c)

N

N

N

N 0

ϕ

N

N
S

S

0

ϕ

S
N

N
N

bF�

𝜃 = 2𝜋

𝜑 = 90

𝜑 = −90
�𝐹b 𝜑 = 90

𝜑 ∈ [−𝜋, 𝜋]



3-
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e

0

0

Normalized
Bearing Current

Flux Density

π4π

π

π2 π3

2π/

(rad)θ

(r
a
d
)

ϕ

AA CC BB A

a a

b

-b

-a

-a
c

b

0

1

0.5

-0.5

-1

2π/−

π−

𝜃
𝑧 𝜑

𝜃 𝜑
𝜃 𝜑

𝜃
𝜑

𝜃
𝜑

𝜃
𝜑

3×3



MALTA Drive + Bearing Windings
r z

ϕ

ϕ

3-Phase

z3-Phase

-Circumferentialϕ
-Axialz

-Radialr

ϕ

r z

ϕ

2-Phase
z

3-Phase
(b)(a)

aA aAcA

cA

dA
dB

dC
cB

cB

cC

cC

bA bA
bB bB

bC bC

aB aB
aC aC

3 × 3

2×3

𝑖aA = 𝐼Mb cos(𝜑) cos(𝜃 )
𝑖bA = 𝐼Mb cos(𝜑 − 2𝜋/3) cos(𝜃 )
𝑖cA = 𝐼Mb cos(𝜑 + 2𝜋/3) cos(𝜃 )
𝑖aB = 𝐼Mb cos(𝜑) cos(𝜃 − 2𝜋/3)
𝑖bB = 𝐼Mb cos(𝜑 − 2𝜋/3) cos(𝜃 − 2𝜋/3)
𝑖cB = 𝐼Mb cos(𝜑 + 2𝜋/3) cos(𝜃 − 2𝜋/3)
𝑖aC = 𝐼Mb cos(𝜑) cos(𝜃 + 2𝜋/3)
𝑖bC = 𝐼Mb cos(𝜑 − 2𝜋/3) cos(𝜃 + 2𝜋/3)
𝑖cC = 𝐼Mb cos(𝜑 + 2𝜋/3) cos(𝜃 + 2𝜋/3)



2 × 3

𝑖aA = 𝐼Mb cos(𝜑) cos(𝜃 )
𝑖bA = 𝐼Mb sin(𝜑) cos(𝜃 )
𝑖aB = 𝐼Mb cos(𝜑) cos(𝜃 − 2𝜋/3)
𝑖bB = 𝐼Mb sin(𝜑) cos(𝜃 − 2𝜋/3)
𝑖aC = 𝐼Mb cos(𝜑) cos(𝜃 + 2𝜋/3)
𝑖bC = 𝐼Mb sin(𝜑) cos(𝜃 + 2𝜋/3)

𝑖A 𝑖B 𝑖C +𝜋/2
𝜃

𝜑 𝜃



𝐼M 𝐼Mb

𝜋/2 𝜃

(a) (b) (c) (d)

Combined Winding Separated Winding
Bearing & Drive Bearing & Drive

Drive Bearing

Drive: 3-Phase3-Phase×23-Phase×3
3-Phase×Bearing: 3

Drive: 3-phase
3-Phase×Bearing: 2



aA aB aC bA bB bC cA cB cC

1S 2S 3S

+

−

DCU

3-Phase×Combined Winding: 3

3 × 3 9

2

18

3 × 3

⎡⎢⎢⎢⎢⎣
𝑖aA + 𝑖A 𝑖aB + 𝑖B 𝑖aC + 𝑖C
𝑖bA + 𝑖A 𝑖bB + 𝑖B 𝑖bC + 𝑖C
𝑖cA + 𝑖A 𝑖cB + 𝑖B 𝑖cC + 𝑖C

⎤⎥⎥⎥⎥⎦ ,
18

𝑆1 𝑆2 𝑆3

2 × 3

⎡⎢⎢⎢⎢⎢⎢⎣
𝑖aA + 𝑖A 𝑖aB + 𝑖B 𝑖aC + 𝑖C
𝑖bA + 𝑖A 𝑖bB + 𝑖B 𝑖bC + 𝑖C
−𝑖aA + 𝑖A −𝑖aB + 𝑖B −𝑖aC + 𝑖C
−𝑖bA + 𝑖A −𝑖bB + 𝑖B −𝑖bC + 𝑖C

⎤⎥⎥⎥⎥⎥⎥⎦ ,



aA aB aC bA bB bC cA cB cC dA dB dC

+

−

DCU

3-Phase×Combined Winding: 2

1S 2S 3S 4S

2 × 3 12

2

24

24

𝑆1 𝑆2 𝑆3 𝑆4

3 × 3 + 3

⎡⎢⎢⎢⎢⎣
𝑖aA 𝑖aB 𝑖aC
𝑖bA 𝑖bB 𝑖bC
𝑖cA 𝑖cB 𝑖cC

⎤⎥⎥⎥⎥⎦ ,
⎡⎢⎢⎢⎢⎣
𝑖A
𝑖B
𝑖C

⎤⎥⎥⎥⎥⎦ ,
21

𝑆1 𝑆2 𝑆3 𝑆



Separated Windning

aA aB aC bA bB bC cA cB cC

1S 2S 3S

A B C

S

+

−

DCU

3-Phase×Bearing: 3

+

−

DCU

Drive: 3-Phase

3×3 9

2

18

3

21



Separated Windning

aA aB aC bA bB bC

cA cB cC dA dB dC

1S 2S

A B C

S

+

−

DC1U

3-Phase×Bearing: 2

+

−

DC2U

Drive: 3-Phase

2×3 6

2

12

3

15

2 × 3 + 3

⎡⎢⎢⎢⎢⎢⎢⎣
𝑖aA 𝑖aB 𝑖aC
𝑖bA 𝑖bB 𝑖bC
−𝑖aA −𝑖aB −𝑖aC
−𝑖bA −𝑖bB −𝑖bC

⎤⎥⎥⎥⎥⎥⎥⎦ ,
⎡⎢⎢⎢⎢⎣
𝑖A
𝑖B
𝑖C

⎤⎥⎥⎥⎥⎦ ,
15

𝑆1 𝑆2 𝑆

𝜑



/𝐹d,TLA

3 × 3 0.78 1.12 18

2 × 3 0.76 1.1 24

3 × 3 +3 0.57 0.81 21

2 × 3 +3 0.29 0.46 15

𝑈DC1

𝑈DC1 𝑈DC2

𝐼M 𝐼Mb

𝐹d,TLA



𝐿 60mm

𝐷 60mm

𝑟ag 2mm

𝜇 500

𝐵 1.3 T

𝐵r 1.18 T

𝜎Cu 20 C 58.5 S/m

3 × 3



SPM IPM

pmD

pmτ

pmr
Back Iron

North PM
Pole

South
PM Pole

South
PM Pole

North
PM Pole

Iron
Ring

pmB�
pmB�

𝐷 − 2𝑟bi
𝐷pm + 2𝑟ag

𝐷pm + 2𝑟ag

𝐷 − 2𝑟bi
= [0.5, 0.7]

𝑟bi 𝑟bi = 2mm

𝐷pm = (𝐷 − 2𝑟bi) · [0.5, 0.7] − 2𝑟ag

= [24mm, 35.2mm] .



𝐷pm 𝑟pm 𝜏pm

1 10mm 35.75mm 1.5mm 9mm

2 7.5mm 22.6mm 1.3mm 6.5mm

3 10.5mm 23mm 5.15mm 7mm

4 15mm 25mm 2.5mm 10mm

5 15mm 27mm 5.5mm 10mm

6 15mm 27mm 3mm 10mm

7 15mm 34mm 6.5mm 10mm

15W

0.6
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𝑟 = 12.5mm

𝑟 = 11mm



tτ
1 mm

tr
Touch-Down

Mover

(b)(a)

Bearing

19 mm

5 mm.12

1mm

1mm

𝜏 = 3mm

20𝑔
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20𝑔 30mm

≈ 0.7W

0.7W 4.7 %



0.3 mm Aluminum Sleeve

Iron
Ring

Stacks of 4 Axially
Magnetized
Ring PMs

Carbon
Rod

0.3mm

205 Turns

0.5 mm Wire Diameter
0.6 Electrical Fill Factor

0.5mm

205 turns 0.6

2m/s
2m/s

26mV

2.2
2mH

66.7Hz
2m/s

15mm



Phasor Built Winding Electrical Circuit
Diagram

205 Turns×26 mVO

I
1 V.= 2RÛ 3 V.= 1LÛ

5 V.= 7Û

46 A.= 1Î

3 V.= 5Ê

LU

U

2 Ω.= 2R 9 Ω.= 0X

E
RU

𝑋
𝑋

300Ampere−turns 205

1.46A
7.5 V

≈ 15 V

24V

9 × 2 = 18



Tooth

Winding

(a) (b)

Touch-Down
Bearing

Connections

Stator Section Before Potting

Aluminum

PCB
Connection

Case

Solid

After Potting
ModuleNTC Thermal

Sensor Wires

Module 2
Module 1

Mover

Axial Force Sensor

Radial 
Force Sensor

Axial Positioning
Stage

Auxiliary 
Mechanical

Linear 
Bearing

Radial Positioning
Stage





Outer
Coils

Middle
Coil

Flux Linkage

Simulation

8.3 8.35

8.859.0

(mWb) (mWb)

Outer Coils:

Middle Coil:

Measurement

1/3 Module

Time (min)
0 20 40 60 80 100 120

20

30

40

50

60

C
)

◦
T
em

p
er

a
tu

re
(

C◦5.25

C◦5.56

31 K≈

20.5W

20.5W

𝑅 ≈ 31 C/20.5W = 1.51 C/W



𝑅 ≈ 1.51 C/W

100 C

(100 C − 28 C)/1.51 C/W ≈ 47W

28 C

𝜋/2

𝜃 = 5𝜋/6

𝐼

⎡⎢⎢⎢⎢⎣
−√3/2 0

√
3/2

−√3/2 0
√
3/2

−√3/2 0
√
3/2

⎤⎥⎥⎥⎥⎦ ,
𝐼 𝐼 = 0

1mm

±𝜋/2

±7.5mm

15mm

−7.5mm

𝐼



D
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F
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e 
(N

)
D
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ce
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N
)

Axial Position (mm)

Measurement FEM Simulation

(a)

(b)

-20 -15 -10 -5
-5

0

0
0

10

15

20

25

0.5

5

1 1.5 2 2.5

0

5

5

10 15 20

(A)MI

Pole Size
15 mm

5 mm.7−Axial Position=

Copper Losses:

21 N

42 W≈

6A.= 0MI

𝐼
−7.5mm 𝜋/2



𝐾 =
𝐼

≈ 7.6N/A.

21N

42W

≈ 47W

22.2N
2 × 22.2N = 44.4N

0.35 kg

≈ ±12.5𝑔

𝜑 = [0 , . . . , 360 ]
𝐼Mb = 3A

𝜑 = 0

𝜑 = 30 𝜑 = 60

(𝐼Mb = 0 . . . 3A)

0mm

90

𝜑 = 0



B
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e 
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)

0
0 60-60 120 180-180 -120

5
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15

20

ac b

)(ϕ

= 3AMbI

= 0MI

13 %

+

= 0ϕa

c

b



𝜃 = 0

𝐼

⎡⎢⎢⎢⎢⎣
1 −1/2 −1/2

−1/2 1/4 1/4
−1/2 1/4 1/4

⎤⎥⎥⎥⎥⎦ .
𝐼 = [0 . . . 3A]

𝜑 = 0

𝐾0 =
𝐼

≈ 5.6N/A.

≈ 28W

≈ 47W

≈ 21.9N 𝜑 = 0

𝜑 = 30

𝜃 = 0

𝐼

⎡⎢⎢⎢⎢⎣
√
3/2 −√3/4 −√3/4
0 0 0

−√3/2 √
3/4 √

3/4

⎤⎥⎥⎥⎥⎦ .
𝐼 = [0 . . . 3.1 A]

𝜑 = 30

𝐾30 =
𝐼

≈ 5.96N/A.

≈ 29W

𝜑 = 30 23.2N
47W

𝜑 = 60

𝐼

⎡⎢⎢⎢⎢⎣
1/2 −1/4 −1/4
1/2 −1/4 −1/4
−1 1/2 1/2

⎤⎥⎥⎥⎥⎦ .
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(A)MbÎ

(A)MbÎ

(A)MbÎ

Copper Losses:
28 W≈

Copper Losses:
28 W≈

Copper Losses:
29 W≈

Measurement FEM Simulation

= 0ϕ

= 30ϕ

= 60ϕ

𝐼M =
0 𝜑 = 0

𝜑 = 30 𝜑 = 60



𝐼 = [0 . . . 3A]

𝜑 = 60

𝐾60 =
𝐼

≈ 6.26N/A.

𝜑 = 60 24.4N
47W

0 30 60

𝐾0 𝐾60

≈ 11.8 %

≈ 2N/A/mm

m

≈ 0.5mm

≈ 2.5W
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0 30 180

44.4N
𝜑 = 0 43.7N
𝜑 = 30 46.4N

𝜑 = 0

𝜑 = 30

𝜑 = 180

0.35 kg

120mm 50mm



≈ 44N

≈ 12.5𝑔
40%



5

2m/s
≈ 5.3V

45V



MALTA
Module

45V
DC-Link

+

-

11u 21u 31u 12u 22u 32u 13u 23u 33u Integrated
Half-Bridge

11e 21e 31e

+ + +

12e 22e 32e

+ + +

13e 23e 33e

+ + +

R R R R R R R R R

L L L L L L L L L

≈ 3A

22.2N

3×
≥ 9A

45VDC

9A

9

80V

10A

15m



10mΩ

ADC

Concentrated 
Winding

LTC2313
conv
clk
dat

AFELMG5200
LT1999

shuntR

R

L

+

-

45V

2mH

2Ω.2

20 kHz

18

18

4 × 22mF = 88mF

5m/s

1

2
·𝑚 · (5m/s)2 = 4.5 J,



45VDC 24

𝑚 = 0.36 kg

∼ 1.12 V
2.5 % 45VDC

𝑧

−0.6mm 0.6mm



2𝑙S
ℎ1 ℎ2 ℎ3 ℎ4

𝑧
2𝑙S

𝐿p/2
𝑥 (𝑥+, 𝑥−)

(𝑦+, 𝑦−) 𝑦 8 × 8 cm



27mm

170mm

𝑓x,B{1,2}
𝑓y,B{1,2} 𝑥 𝑦 𝑓D 𝑧

(ℎ1 +ℎ2 +ℎ3 +ℎ4)/4

𝑦
ℎ2

ℎ4
8 4

≈ 100mA ≈ 3.5MHz



6V.1≈

0 0.2-0.2-0.4-0.6 0.4 0.6
0

1

2

4

3

5

S
en

so
r 

V
o
lt
a
g
e 

(V
)

Radial x-Position (mm)

𝑥

Δ𝑢 = 1.6V
𝑥 = −0.7mm 𝑥 = 0.5mm

Δ𝑥 = 1.2mm

1mV

1.2mm

1600 bit
= 0.75 m/bit.

52 V 10 − 5000Hz

20 log10

(
1.6V/√2
52 V

)
= 86.7 dB.



45VDC 10Apeak

24 half

18 24 half

24 2 × 3



6



27mm

170mm

𝑓x,B{1,2}
𝑓y,B{1,2} 𝑥 𝑦 𝑓D 𝑧



Electric
Model

(Sec. 6.5)

Mechanical
Model

(Sec. 6.3)

Position Sensor
Model

(Sec. 6.4)

�pabcI �v

]
r�q
t�q

[

abc

𝜃
𝜑

�𝑣

�𝑣 = [
𝑓xB1 𝑓yB1 𝑓xB2 𝑓yB2 𝑓D

] 

,

�𝑞t �𝑞r �𝑝

I R



Bl

Sl
Bl

Sl

pL

θ

COGO

(a)

(b)

(c)

Module 1
SP1 SP2

Module 2

Windings

PCB Integrated Sensors

Axially Magnetized 
PM Rings

PM South
Pole

PM North
Pole

O

O

Ix

Iz

Iz
Iy

Ix

Iy

Ry
Rx

Rz

aA aB aC

bA bB bC

aA aB aC

bA bB bC

o0

ϕ

End
Ring

End
Ring

ak

bk

ck

}C,B,A∈ {k

I R



Bl Bl

O
γ
αβ

BP1 BP2

2PI

1PI

Iz

Ix
Iy

Ry
Rx

Rz

I �𝑃1 I �𝑃2

I O
𝑧I

R OCOG

𝑧I
R

R
I

�𝑞t �𝑞r

�𝑞t =
⎡⎢⎢⎢⎢⎣
𝑥
𝑦
𝑧

⎤⎥⎥⎥⎥⎦ , �𝑞r =
⎡⎢⎢⎢⎢⎣
𝛼
𝛽
𝛾

⎤⎥⎥⎥⎥⎦ .
�𝑞r 𝑥R 𝑦R

𝑧R

𝑚
𝜕2�𝑞t
𝜕𝑡2

= I �𝐹tot

RIm · 𝜕R �𝜔
𝜕𝑡

+ R �𝜔 × RIm · R �𝜔 = R �𝑇tot,

I
R �𝐹tot �𝑇tot



𝑚 0.360 kg
𝐼𝑥𝑥 𝑥 1.3805 × 10−3 kgm2

𝐼𝑦𝑦 𝑦 1.3805 × 10−3 kgm2

𝐼𝑧𝑧 𝑧 4.7707 × 10−5 kgm2

𝐾D 5.2N/A
𝐾B 5.2N/A
𝐾A 8330N/m

𝑚

RIm =

⎡⎢⎢⎢⎢⎣
𝐼𝑥𝑥 0 0

0 𝐼𝑦𝑦 0

0 0 𝐼𝑧𝑧

⎤⎥⎥⎥⎥⎦
R

R𝜔

R �𝜔 =

⎡⎢⎢⎢⎢⎣
0

0

I𝜔𝑧

⎤⎥⎥⎥⎥⎦ + R𝑧 (𝛽)
⎡⎢⎢⎢⎢⎣

0

I𝜔𝑦
0

⎤⎥⎥⎥⎥⎦ + R𝑧 (𝛽)R𝑦 (𝛼)
⎡⎢⎢⎢⎢⎣
I𝜔𝑥
0

0

⎤⎥⎥⎥⎥⎦,
I𝜔𝑥 = 𝜕𝛼/𝜕𝑡 I𝜔𝑦 = 𝜕𝛽/𝜕𝑡 I𝜔𝑧 = 𝜕𝛾/𝜕𝑡

𝜉 sin 𝜉 ≈ 𝜉 cos 𝜉 ≈ 1

R𝑦 (𝛽) R𝑧 (𝛼)

R𝑦 (𝛽) =
⎡⎢⎢⎢⎢⎣
cos(𝛽) 0 sin(𝛽)

0 1 0

− sin(𝛽) 0 cos(𝛽)

⎤⎥⎥⎥⎥⎦ , R𝑧 (𝛼) =
⎡⎢⎢⎢⎢⎣
cos(𝛼) − sin(𝛼) 0

sin(𝛼) cos(𝛼) 0

0 0 1

⎤⎥⎥⎥⎥⎦ ,

I �𝑃1 I �𝑃2

I �𝑃1 =
⎡⎢⎢⎢⎢⎣
𝑥 − 𝛽 (𝑙B + 𝑧)
𝑦 + 𝛼 (𝑙B + 𝑧)

−𝑙B

⎤⎥⎥⎥⎥⎦ , I �𝑃2 =
⎡⎢⎢⎢⎢⎣
𝑥 + 𝛽 (𝑙B − 𝑧)
𝑦 − 𝛼 (𝑙B − 𝑧)

𝑙B

⎤⎥⎥⎥⎥⎦ .



I �𝑃1 = I �OCOG + RIR R �𝑃1

I �𝑃2 = I �OCOG + RIR R �𝑃2,

R �𝑃1 =
[
0 0 (−𝑙B − 𝑧)

] 

R �𝑃2 =

[
0 0 (𝑙B − 𝑧)

] 

,

3 × 3 RIR = R−1
RI RRI =

Rz (𝛼)Ry (𝛽)Rx (𝛾) Rx (𝛾)

R𝑥 (𝛾) =
⎡⎢⎢⎢⎢⎣
1 0 0

0 cos(𝛾) − sin(𝛾)
0 sin(𝛾) cos(𝛾)

⎤⎥⎥⎥⎥⎦ .

�𝐹tot

I
I I �𝐹tot I �𝐹tot

I �𝑃1 I �𝑃2

I �𝐹tot = I �𝐹1 + I �𝐹2 .

I �𝐹1 I �𝐹2

I �𝐹1 = I �𝐹D1 + I �𝐹B1 + I �𝐹A1

I �𝐹2 = I �𝐹D2 + I �𝐹B2 + I �𝐹A2.



𝑥 𝑦 𝑧
3 × 1

𝑧I

I �𝐹D1 =
⎡⎢⎢⎢⎢⎣
0

0

𝑓D1

⎤⎥⎥⎥⎥⎦ I �𝐹D2 =
⎡⎢⎢⎢⎢⎣
0

0

𝑓D2

⎤⎥⎥⎥⎥⎦ .
I �𝐹D1 I �𝐹D2

I �𝐹D = I �𝐹D1 + I �𝐹D2

=

⎡⎢⎢⎢⎢⎣
0

0

𝑓D1 + 𝑓D2

⎤⎥⎥⎥⎥⎦ .
𝑥I 𝑦I

I �𝑃1 I �𝑃2

I �𝐹B1 =
⎡⎢⎢⎢⎢⎣
𝑓x,B1
𝑓y,B1
0

⎤⎥⎥⎥⎥⎦ I �𝐹B2 =
⎡⎢⎢⎢⎢⎣
𝑓x,B2
𝑓y,B2
0

⎤⎥⎥⎥⎥⎦ .
I �𝐹B1 I �𝐹B2

I �𝐹B = I �𝐹B1 + I �𝐹B2

=

⎡⎢⎢⎢⎢⎣
𝑓xB1 + 𝑓xB2
𝑓yB1 + 𝑓yB2

0

⎤⎥⎥⎥⎥⎦ .



I �𝑃1 I �𝑃2

I �𝐹A1 = 𝐾A · I �𝑃1

I �𝐹A2 = 𝐾A · I �𝑃2

I �𝐹A1 = 𝐾A

⎡⎢⎢⎢⎢⎣
𝑥 − 𝛽 (𝑙B + 𝑧)
𝑦 + 𝛼 (𝑙B + 𝑧)

0

⎤⎥⎥⎥⎥⎦ ,

I �𝐹A2 = 𝐾A

⎡⎢⎢⎢⎢⎣
𝑥 + 𝛽 (𝑙B − 𝑧)
𝑦 − 𝛼 (𝑙B − 𝑧)

0

⎤⎥⎥⎥⎥⎦ .
𝐾A

I �𝐹A1 I �𝐹A2

I �𝐹A = I �𝐹A1 + I �𝐹A2 .

𝑧

I �𝑃1 I �𝑃2
�𝑇tot

I R

I �𝑃1 I �𝑃2
OCOG

I
I �𝐿1 = I �𝑃1−IOCOG I �𝐿2 = I �𝑃2−IOCOG



I �𝐿1 =
⎡⎢⎢⎢⎢⎣
−𝛽 (𝑙B + 𝑧)
𝛼 (𝑙B + 𝑧)
−𝑙B − 𝑧

⎤⎥⎥⎥⎥⎦ , I �𝐿2 =
⎡⎢⎢⎢⎢⎣
𝛽 (𝑙B − 𝑧)
−𝛼 (𝑙B + 𝑧)
𝑙B − 𝑧

⎤⎥⎥⎥⎥⎦ .
I �𝑇1 I �𝑇1 1 2

I �𝑇1 = I �𝐿1 × I �𝐹1, I �𝑇2 = I �𝐿2 × I �𝐹2.
R

R �𝑇tot = RRI (I �𝑇1 + I �𝑇2).

𝑙S 𝑧 O
I

1 2

�𝑝 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
𝑥1
𝑦1
𝑥2
𝑦2
𝑧

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

�𝑝 = P0 (𝑧)
[ �𝑞t
�𝑞r

]
,

�𝑞t �𝑞t

P0 (𝑧) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0 0 −(𝑙S + 𝑧) 0

0 1 0 (𝑙S + 𝑧) 0 0

1 0 0 0 (𝑙S − 𝑧) 0

0 1 0 −(𝑙S − 𝑧) 0 0

0 0 1 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,



𝑙S 𝑙B

1 2

𝑧 = ±𝑙S
𝑥1 𝑦1 1 −𝑙S 𝑥2 𝑦2 2

𝑙S 𝑧

I �𝐹D I �𝐹B

𝑑𝑞
𝑞

𝑑

𝑑𝑞
𝑑 𝑞

𝑥 𝑦

𝑑𝑞

𝑑𝑞
4 𝑑𝑑 𝑑𝑞 𝑞𝑑 𝑞𝑞

𝑑𝑞 𝑞𝑑

𝑑𝑞 𝑑 𝑞

𝑞
0𝑞

𝑑
𝑑 𝑞 𝑑𝑑



(a) (b)

PM South
Pole

PM North
Pole

Iron
Ring

pmB�

o0

θ ϕ

MALTA Winding

aA
cA

cB
cC

bA

aB

bB

aC

bC

MALTA Mover

dd

0q qd

9

2 × 9 = 18 𝑑𝑞

𝑞𝑑 𝑥 𝑦

𝑑𝑞

3 × 3

𝑢 𝑖 𝜓



Xabc =

⎡⎢⎢⎢⎢⎣
𝑥A + 𝑥aA 𝑥B + 𝑥aB 𝑥C + 𝑥aC
𝑥A + 𝑥bA 𝑥B + 𝑥bB 𝑥C + 𝑥bC
𝑥A + 𝑥cA 𝑥B + 𝑥cB 𝑥C + 𝑥cC

⎤⎥⎥⎥⎥⎦ ,
𝑥 {A,B,C} 𝑥 {a,b,c}{A,B,C}

𝑥 ∈ {𝑢, 𝑖,𝜓 }

𝑥 {A,B,C} = 𝑋M cos (𝜔L𝑡 + 𝜃𝑥 + {𝛾A, 𝛾B, 𝛾C}) ,

𝑥 ∈ {𝑢, 𝑖,𝜓 } 𝑋M ∈ {𝑈M, 𝐼M, Ψ̂M} 𝜔L

𝜃𝑥 𝛾A = 0 𝛾B =
−120 𝛾C = 120

𝑥 {a,b,c}{A,B,C} = 𝑋Mb cos (𝜑𝑥 + {𝛾a, 𝛾b, 𝛾c}) ×
cos

(
𝜔L𝑡 + 𝜃𝑥,b + {𝛾A, 𝛾B, 𝛾C}

)
,

𝑥 ∈ {𝑢, 𝑖} 𝑋Mb ∈ {𝑈Mb, 𝐼Mb} 𝜑𝑥

𝑋Mb

cos
(
𝜔L𝑡 + 𝜃𝑥,b + {𝛾A, 𝛾B, 𝛾C}

)



𝜔R𝑡 + 𝜑𝜓 = 0

𝜓 {a,b,c}{A,B,C} = 𝜒pm,M (𝑥 cos{𝛾a, 𝛾b, 𝛾c} − 𝑦 sin{𝛾a, 𝛾b, 𝛾c})
× cos

(
𝜔L𝑡 + 𝜃𝜓 + {𝛾A, 𝛾B, 𝛾C}

)
,

𝜒pm,M

𝑖q 𝑖dd 𝑖qd

𝑖d

9 𝑎𝑏𝑐 9

𝑑𝑞0

Xdq0 = KR0 · Xabc · KL0,

KR0

KR0 =
2

3

⎡⎢⎢⎢⎢⎣
cos𝛾a cos𝛾b cos𝛾c
− sin𝛾a − sin𝛾b − sin𝛾c
1/2 1/2 1/2

⎤⎥⎥⎥⎥⎦ ,
KL0

KL0 =
2

3

⎡⎢⎢⎢⎢⎣
cos(𝜔L𝑡 + 𝛾a) − sin(𝜔L𝑡 + 𝛾a) 1/2
cos(𝜔L𝑡 + 𝛾b) − sin(𝜔L𝑡 + 𝛾b) 1/2
cos(𝜔L𝑡 + 𝛾c) − sin(𝜔L𝑡 + 𝛾c) 1/2

⎤⎥⎥⎥⎥⎦ .



𝑑𝑞0

Xdq0 =

⎡⎢⎢⎢⎢⎣
𝑥dd 𝑥dq 𝑥d0
𝑥qd 𝑥qq 𝑥q0
𝑥0d 𝑥0q 𝑥00

⎤⎥⎥⎥⎥⎦ ,
𝑥 {d,q,0}{d,q,0}

𝑑 𝑞 0

Xdq0

𝑥0d 𝑥0q
𝑥d0 𝑥q0 𝑥00

𝑎𝑏𝑐
𝑑𝑞0

Xdq0 =

⎡⎢⎢⎢⎢⎣
𝑋Mb cos𝜑𝑥 cos𝜃𝑥,b 𝑋Mb cos𝜑𝑥 sin𝜃𝑥,b 0

𝑋Mb sin𝜑𝑥 cos𝜃𝑥,b 𝑋Mb sin𝜑𝑥 sin𝜃𝑥,b 0

𝑋M cos𝜃𝑥 𝑋M sin𝜃𝑥 0

⎤⎥⎥⎥⎥⎦ .
𝑋M cos𝜃𝑥 𝑋M sin𝜃𝑥 𝑥0d

𝑥0q
Xabc

𝑎𝑏𝑐 Ψabc 𝑑𝑞0

Ψdq0 =

⎡⎢⎢⎢⎢⎢⎢⎣
𝑥 𝜒pm,M cos𝜃𝜓 𝑥 𝜒pm,M sin𝜃𝜓 0

𝑦𝜒pm,M cos𝜃𝜓 𝑦𝜒pm,M sin𝜃𝜓 0

Ψ̂M cos𝜃𝜓 Ψ̂M sin𝜃𝜓 0

⎤⎥⎥⎥⎥⎥⎥⎦ .
𝑑𝑞 𝜃𝜓 = 0

Ψdq0 =

⎡⎢⎢⎢⎢⎢⎢⎣
𝑥 𝜒pm,M 0 0

𝑦𝜒pm,M 0 0

Ψ̂M 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ .
𝑑𝑞0 𝐹x 𝐹y



𝐹z

𝑝el =
∑
𝑚={𝑎,𝑏,𝑐 }

∑
𝑛={𝐴,𝐵,𝐶 } 𝑢𝑚𝑛𝑖𝑚𝑛

𝑝el = 〈Uabc, Iabc〉F,

Uabc

Uabc = RabcIabc + Labc
𝑑Iabc
𝑑𝑡

+ 𝑑Ψabc

𝑑𝑡
.

Rabc Labc
Rabc = diag(𝑅, 𝑅, 𝑅) Labc = diag(𝐿, 𝐿, 𝐿)

𝑝el =
9

4

{
𝑅𝐼 2Mb + 𝐿

𝑑𝐼Mb

𝑑𝑡
𝐼Mb+

𝜒pm,M
(
𝑣x𝑖dd + 𝑣y𝑖qd

) + 𝜔L𝜒pm,M (𝑥𝑖dq + 𝑦𝑖qq)
}
+

9

2

{
𝑅𝐼 2M + 𝐿𝑑𝐼M

𝑑𝑡
𝐼M + 𝑑Ψ̂M

𝑑𝑡
𝑖0d + 𝜔LΨ̂M𝑖0q

}
,

𝑑 𝜒pm,M/𝑑𝑡 = 0

𝑅
𝐿 𝑑Ψ̂M/𝑑𝑡 𝑣x 𝑣y 𝜔L

𝜔L =
2𝜋

𝜏pp
𝑣z.

𝑝mech = 𝑣x𝐹x + 𝑣y𝐹y + 𝑣z𝐹z.

𝐹z =
9𝜋

𝜏pp
Ψ̂M𝑖0q,



𝐹x =
9

4
𝜒pm,M𝑖dd, 𝐹y =

9

4
𝜒pm,M𝑖qd,

𝐹z,par = (9𝜋/2𝜏pp) Ψ̂M (𝑥𝑖dq + 𝑦𝑖qq),

9 𝑑𝑞0 4 𝑑𝑞0

𝐹z 𝐹x 𝐹y
𝑑𝑞0

Idq0

Idq0 =

⎡⎢⎢⎢⎢⎣
𝑖dd → 𝐹x/𝐾B 𝑖dq → 0 𝑖d0 → 0

𝑖qd → 𝐹y/𝐾B 𝑖qq → 0 𝑖q0 → 0

𝑖0d → 0 𝑖0q → 𝐹z/𝐾L 𝑖00 → 0

⎤⎥⎥⎥⎥⎦ ,
𝐾L = (9𝜋/𝜏pp) Ψ̂M 𝐾B = (9/4) 𝜒pm,M

𝜑𝑥 𝜃𝑥 𝜃𝑥,b

𝑖0d → 0

𝜃𝑖 = 𝜋/2 𝑖dq → 0 𝑖qq → 0

𝜃𝑖,b = 0 𝜑𝑖
𝑖dd 𝑖qd 𝑖dd = 𝐼Mb cos𝜑𝑖 𝑖qd = 𝐼Mb sin𝜑𝑖

𝜑𝑖 = atan2(𝑖qd, 𝑖dd),

𝜑𝑖 = atan2(𝐹y, 𝐹x)



𝑖qd 𝑖dd 𝐹y 𝐹x

Idq0

𝜔R = 0

𝐼Mb

𝜑𝑖
𝐹x 𝐹y

𝜑𝑖
4 𝑑𝑞

Xdq =

[
𝑋M cos𝜃𝑥 𝑋M sin𝜃𝑥
𝑋Mb cos𝜃𝑥,b 𝑋Mb sin𝜃𝑥,b

]
= KR (𝜑𝑥 ) · Xabc · KL,

KR (𝜑𝑥 ) KL

KR (𝜑𝑥 ) = 2

3

⎡⎢⎢⎢⎢⎣
1/2 − sin(𝜑𝑥 − 𝜋/2 + 𝛾a)
1/2 − sin(𝜑𝑥 − 𝜋/2 + 𝛾b)
1/2 − sin(𝜑𝑥 − 𝜋/2 + 𝛾c)

⎤⎥⎥⎥⎥⎦



,

KL =
2

3

⎡⎢⎢⎢⎢⎣
cos(𝜔L𝑡 + 𝛾a) − sin(𝜔L𝑡 + 𝛾a)
cos(𝜔L𝑡 + 𝛾b) − sin(𝜔L𝑡 + 𝛾b)
cos(𝜔L𝑡 + 𝛾c) − sin(𝜔L𝑡 + 𝛾c)

⎤⎥⎥⎥⎥⎦ .

K−1
R (𝜑𝑥 ) =

⎡⎢⎢⎢⎢⎣
1 − sin(𝜑𝑥 − 𝜋/2 + 𝛾a)
1 − sin(𝜑𝑥 − 𝜋/2 + 𝛾b)
1 − sin(𝜑𝑥 − 𝜋/2 + 𝛾c)

⎤⎥⎥⎥⎥⎦ ,
K−1

L =

⎡⎢⎢⎢⎢⎣
cos(𝜔L𝑡 + 𝛾a) − sin(𝜔L𝑡 + 𝛾a)
cos(𝜔L𝑡 + 𝛾b) − sin(𝜔L𝑡 + 𝛾b)
cos(𝜔L𝑡 + 𝛾c) − sin(𝜔L𝑡 + 𝛾c)

⎤⎥⎥⎥⎥⎦



.



𝑑𝑞 Xdq 𝑑𝑞0
Xdq0

𝑥0d 𝑥0q Xdq

𝑋Mb

𝐹z
𝜃𝑖,b = 0

𝑋M

𝜃𝑖 = 𝜋/2
Xdq (1, 1) Xdq (2, 2)

Idq =

[
𝑖0d → 0 𝑖0q → 𝐹z/𝐾L

𝑖bd → 𝐹B/𝐾B 𝑖bq → 0

]
,

𝑖bd = 𝐼Mb cos𝜃𝑥,b 𝑖bq = 𝐼Mb sin𝜃𝑥,b 𝐹B =
√
𝐹 2x + 𝐹 2y

𝜑𝑖 = atan2(𝐹y/𝐹x) 𝐹x
𝐹y

�𝐹EoM
(
𝜕2�𝑞
𝜕𝑡2

,
𝜕�𝑞
𝜕𝑡
, �𝑞, �𝑣

)
=

[
𝑚 𝜕2 �𝑞t

𝜕𝑡2
− I �𝐹tot

RIm · 𝜕R �𝜔
𝜕𝑡 + R �𝜔 × RIm · R �𝜔 − R �𝑇tot

]
= 06×1,

06×1 6 × 1

�𝑞 �𝑣

�𝑞 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥
𝑦
𝑧
𝛼
𝛽
𝛾

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, �𝑣 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
𝑓xB1
𝑓yB1
𝑓xB2
𝑓yB2
𝑓D

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,



𝑓D = 𝑓D1 + 𝑓D2

M
𝜕2�𝑞
𝜕𝑡2

+ G
𝜕�𝑞
𝜕𝑡

= S�𝑞 + V�𝑣,

M6×6 = J

(
�𝐹EoM, 𝜕

2�𝑞
𝜕𝑡2

) 



 G6×6 = J

(
�𝐹EoM, 𝜕�𝑞

𝜕𝑡

) 




S6×6 = −J

(
�𝐹EoM�𝑞

) 



 V6×5 = −J
(
�𝐹EoM, �𝑣

) 




J( �𝑓 , �𝑛) �𝑓𝑚×1 �𝑟𝑛×1

𝑚 × 𝑛

�𝑞ss =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

𝑧ss
0

0

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, �𝑣ss =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

−𝑔 ·𝑚 · 𝑧ss − 𝑙B
2𝑙B

0

𝑔 ·𝑚 · 𝑧ss + 𝑙B
2𝑙B

0

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

𝜕2�𝑞ss
𝜕𝑡2

= 0 ∈ R6×1, 𝜕�𝑞ss
𝜕𝑡

= 0 ∈ R6×1.

G = 06×6

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑚 0 0 0 0 0

0 𝑚 0 0 0 0

0 0 𝑚 0 0 0

0 0 0 𝐼𝑥𝑥 0 0

0 0 0 0 𝐼𝑦𝑦 0

0 0 0 0 0 𝐼𝑧𝑧

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,



S =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2𝐾A 0 0 0 −2𝐾A · 𝑧ss 0

0 2𝐾A 0 2𝐾A · 𝑧ss 0 0

0 0 0 0 0 0

0 2𝐾A · 𝑧ss 𝑔 ·𝑚 2𝐾A(𝑧2ss + 𝑙2B) 0 0

−2𝐾A · 𝑧ss 0 0 0 2𝐾A (𝑧2ss + 𝑙2B) 0

0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

V =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 1 0 0

0 1 0 1 0

0 0 0 0 1

0 𝑙B + 𝑧ss 0 𝑙B − 𝑧ss 0

−𝑙B − 𝑧ss 0 𝑙B − 𝑧ss 0 0

0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

𝛾

M S V

M ∈ R5×5, S ∈ R5×5, V ∈ R5×5.

�𝜉 =
⎡⎢⎢⎢⎢⎣
�𝑞
𝜕�𝑞
𝜕𝑡

⎤⎥⎥⎥⎥⎦ ∈ R10,

�𝑞 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
𝑥
𝑦
𝑧
𝛼
𝛽

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ R5,



𝜆1,2 𝑥 ±218.92
𝜆3,4 𝑦 ±218.92
𝜆5,6 𝑧 0

𝜆7,8 𝛼 ±157.53
𝜆9,10 𝛽 ±157.53

𝛾

𝜕 �𝜉
𝜕𝑡

= A�𝜉 + B�𝑣,
�𝑝 = C�𝜉,

A = E−1
[
0 I

S 0

]
B = E−1

[
0

V

]
C =

[
P 0

]
,

A ∈ R10×10 B ∈ R10×5 C ∈ R5×10 P ∈ R5×5
0 ∈ R5×5

A

𝑧ss = 0 𝑧ss ∈
[−15, 15] mm

218.92 rad/s
𝜆1 = 218.92



𝑥max 0.65mm

𝑦max 0.65mm

𝑧max 15mm

𝛼max 0.0154 rad
𝛽max 0.0154 rad

�𝑥max 0.335m/s
�𝑦max 0.335m/s
�𝑧max 1.904m/s
�𝛼max 5.315 rad/s
�𝛽max 5.315 rad/s

𝑓Bmax 15N

𝑓Dmax 21 N

�𝜉 �𝑣
�𝑝 ≤ 1

�𝜉pu = D−1
𝜉
�𝜉 ∈ R10, �𝑣pu = D−1

𝑣 �𝑣 ∈ R5, �𝑝pu = D−1
𝑝 �𝑝 ∈ R5,

D𝜉 =

[
D𝑞 0

0 D �𝑞

]
,

D𝑞 =
(
𝑥max 𝑦max 𝑧max 𝛼max 𝛽max

)
,

D �𝑞 =
( �𝑥max �𝑦max �𝑧max �𝛼max

�𝛽max

)
,

D𝑣 = diag
(
𝑓Bmax 𝑓Bmax 𝑓Bmax 𝑓Bmax 2𝑓Dmax

)
,

D𝑝 = diag
(
𝑥max 𝑦max 𝑥max 𝑦max 𝑧max

)
.

𝛼max = atan

(
𝑥max

𝑙B

)
, 𝛽max = atan

(
𝑦max

𝑙B

)
.



𝑥 𝑦
𝑧

�𝑥 (𝑡) = 𝐹

𝑚
, �𝑥 (𝑡) = 𝐹

𝑚
𝑡, 𝑥 (𝑡) = 𝐹

2𝑚
𝑡2,

𝐹
𝑚 𝑡

𝑡max

𝑡max =

√
2𝑚𝑥max

𝐹
.

�𝑥 (𝑡max) =
√

2𝐹 𝑥max

𝑚
.

�𝑥max =

√
4𝑓Bmax 𝑥max

𝑚
, �𝑦max =

√
4𝑓Bmax 𝑦max

𝑚
, �𝑧max =

√
4𝑓Dmax 𝑧max

𝑚
,

𝐹

𝛼

�𝛼 (𝑡) = 𝑟 𝐹

𝐼xx
, �𝛼 (𝑡) = 𝑟 𝐹

𝐼xx
𝑡, 𝛼 (𝑡) = 𝑟 𝐹

2𝐼xx
𝑡2,

𝐹 𝑟

�𝛼max =

√
4𝑙B 𝑓Bmax 𝛼max

𝐼xx
, �𝛽max =

√
4𝑙B 𝑓Bmax 𝛽max

𝐼yy
.



�𝜉 �𝑣

𝜕 �𝜉pu
𝜕𝑡

= Apu
�𝜉pu + Bpu�𝑣pu

�𝑝pu = Cpu
�𝜉pu

,

Apu = D−1
𝜉 AD𝜉 , Bpu = D−1

𝜉 BDv, Cpu = D−1
𝑝 CD𝜉 .

R



�𝑝
�𝜉pu

�𝑝
�𝑝∗

�𝜈 (𝑡) =
∫ 𝑡

0

( �𝑝∗(𝜏) − �𝑝 (𝜏))𝑑𝜏 ∈ R5,

𝜕�𝜈 (𝑡)
𝜕𝑡

= �𝑝∗(𝑡) − �𝑝 (𝑡).

�𝜈
�𝜈 �𝑝

�𝜈pu = D−1
𝑝 �𝜈 ∈ R5.

𝜕

𝜕𝑡

[ �𝜉pu
�𝜈pu

]
︸︷︷︸
= �𝜉aug,pu

=

[
Apu 010×5
−Cpu 05×5

]
︸�������������︷︷�������������︸

=Aaug,pu

·
[ �𝜉pu
�𝜈pu

]
+
[
Bpu

05×5

]
︸�︷︷�︸
=Baug,pu

·�𝑣pu

�𝑝pu =
[
Cpu 05×5

]︸����������︷︷����������︸
=Caug,pu

·
[ �𝜉pu
�𝜈pu

]

�𝜉aug,pu ∈ R15 Aaug,pu ∈ R15×15 Baug,pu ∈ R15×5 Caug,pu ∈ R5×15 .



∑ ∑ �v

−

∑
−

p,pu�e

rK
vD

fK

FB,pu�v

FF,pu�v

0,pu�v

40�

∗z̈m

SS
Forces

ẑ

Convert to
dq-Currents

pu�p

pu
∗�p

]
50�
pu
∗ξ�

[ Regulator

Denorma-
lization

Observer

pu�v

=

aug,pu
∗ξ�

pupu

augξ�e dq
∗I

puξ�̂

pu,augξ�̂

�𝑝 �𝜉

�𝑣FF �𝑣0
�𝑣FB �𝑣
𝑑𝑞 �𝑖dq∗

� �𝑣FB,pu
�𝑣FB,pu = −Kf

�𝜉aug,pu
� �𝑣FF,pu 𝑧

� �𝑣0,pu

𝑧 �𝑣0,pu (𝑧)

�𝑣FB,pu

𝜕 �𝜉aug,pu
𝜕𝑡

=
(
Aaug,pu − Baug,puKr

) �𝜉aug,pu .
Kr



Kr

𝑞𝑥 , 𝑞𝑦 𝑞𝑑𝑥 , 𝑞𝑑𝑦 𝑞𝑒𝑥1, 𝑞𝑒𝑦1 𝑟 𝑓 𝑥1, 𝑟 𝑓 𝑦1
𝑞𝛼 , 𝑞𝛽 𝑞𝑑𝛼 , 𝑞𝑑𝛽 𝑞𝑒𝑥2, 𝑞𝑒𝑦2 𝑟 𝑓 𝑥2, 𝑟 𝑓 𝑦2
𝑞𝑧 𝑞𝑑𝑧 𝑞𝑒𝑧 𝑟 𝑓 𝑧

Kr

Kr =
(
Aaug,pu,Baug,pu,Qaug,Raug

)
,

Aaug,pu Baug,pu Qaug ∈ R15×15 Raug ∈ R5×5

Qaug =
(
𝑞𝑥 , 𝑞𝑦 , 𝑞𝑧, 𝑞𝛼 , 𝑞𝛽 , 𝑞𝑑𝑥 , 𝑞𝑑𝑦 , 𝑞𝑑𝑧, 𝑞𝑑𝛼 , 𝑞𝑑𝛽 , 𝑞𝑒𝑥1, 𝑞𝑒𝑦1, 𝑞𝑒𝑥2, 𝑞𝑒𝑦2, 𝑞𝑒𝑧

)
,

Raug =
(
𝑞𝑓 𝑥1, 𝑞𝑓 𝑦1, 𝑞𝑓 𝑥2, 𝑞𝑓 𝑦2, 𝑞𝑓 𝑧

)
,

Qaug Raug

𝐽 (�𝑣pu) =
∫ ∞

0

( �𝜉
aug,puQaug
�𝜉aug,pu + �𝑣
puRaug�𝑣pu

)
𝑡 .

Kr

Kr

𝑞𝑒𝑥1, 𝑞𝑒𝑦1, 𝑞𝑒𝑥2, 𝑞𝑒𝑦2, 𝑞𝑒𝑧
Kr

�𝑝

�𝑣FF,pu

𝑧

𝑧∗pu
𝑚pu �𝑧∗pu



�𝑣FF,pu

�𝑣0,pu(𝑧)
𝑧

𝑓yB1 𝑓yB2

�𝑣0,pu (𝑧)

�𝜉aug,pu

�̂𝜉pu ∈ R10

𝜕 �̂𝜉pu
𝜕𝑡

= Apu
�̂𝜉pu + Bpu�𝑣pu + Kf

(
�𝑝pu − Cpu

�̂𝜉pu
)
,

Kf ∈ R10×10

Kf =
( (

A

pu,C



pu,Qobs,Robs

) ) 

.

Qobs ∈ R10×10 Robs ∈ R5×5

Qobs = Bpu diag(𝜎2𝑓 x1, 𝜎2𝑓 y1, 𝜎2𝑓 x2, 𝜎2𝑓 y2, 𝜎2𝑓 z) B

pu

Robs = diag(𝜎2x1, 𝜎2y1, 𝜎2x2, 𝜎2y2, 𝜎2z )
.



Kf

𝜎2
x1, 𝜎

2
x2 7.06 · 10−10 𝜎2

𝑓 x1, 𝜎
2
𝑓 x2 2.5 · 10−3

𝜎2
y1, 𝜎

2
y2 4.53 · 10−10 𝜎2

𝑓 y1, 𝜎
2
𝑓 y2 2.5 · 10−3

𝜎2
z 1.55 · 10−8 𝜎2

𝑓 z 4.9 · 10−3

1 A

𝑑𝑞

�𝑞 = P−1
0 (𝑧) �𝑝 P0 (𝑧)

P
†
0 (𝑧)

Qaug

Raug

𝑥 𝑦 𝛼 𝛽
𝑧

400 rad/s



∑+ 4 x PI
Controllers

∑
2/DCU

DC/U1

−
∑

0
żindK=ind,0qu

dqU abcU abcd

dq
indU

dq

abc

dq

abc

dq
∗I

dqI abcI

4 𝑑𝑞 𝑖0d 𝑖0q 𝑖bd 𝑖bq
4

𝑑𝑞
𝑎𝑏𝑐

𝑑𝑞 dq

abc

abc

𝑓sw = 100 kHz

𝑑𝑞 �𝜑 = 0 �𝜃 = 0

𝑑𝑖𝑘 (𝑡)
𝑑𝑡

= −𝑅𝑘
𝐿𝑘
𝑖𝑘 (𝑡) + 1

𝐿𝑘
𝑢𝑘 (𝑡),

𝑘 ∈ {0d, 0q, bd, bq}

𝜔cc
c = 3000 rad/s

60

𝑢0q1 𝑢0q2
𝑢0q,ind = 𝐾ind �𝑧

𝑧
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�𝑣0,pu



10mm

40ms

1 m

𝑧

±20 m

𝑓yB1 𝑓yB2
𝑚 ·𝑔 ≈ 3.25N

5mm 𝑓yB1
𝑓yB2

𝑥1 𝑥2



0 20 40 60 80 100

0 20 40 60 80 100

0

0

0
0.2
0.4

0.8
0.6

0

-15

-30

15

30

-1

-0.5

1

0.5

0

5

20
-5

40 60 80 100

0

-1.5

1.5

3

0 20 40 60 80 100
Time (ms)

(a)

(d)

(b)

(c)
(A

)
0
q

i

z
ref
sim
meas

sim
meas

zv

sim
meas

Df

errorz
meas

P
o
si

ti
o
n

(m
m

)
P
o
s.

 E
rr

. 
(m

m
)

)
1

−
V
el

o
ci

ty
(m

s
F
o
rc

e
(N

)

10mm

𝑧

𝑧 16.2ms

≤1.5 % 0.6mm

𝐾D ≈ 5N/A



0

0

-15

-30

15

30

0

0

-1

1

2

3

-15

-30

15

30

20 40 60 80 100

0 20 40 60 80 100

0 20 40 60 80 100

0 20 40 60 80 100
Time (ms)

0

-1

1

2

3

(a)

(d)

(b)

(c)

sim
meas

1x 1y

sim
meas

2x 2y

sim
meas

B1,yfB1,xf

sim
meas

B2,yfB2,xf

F
o
rc

e
(N

)
F
o
rc

e
(N

)
μm

)
(

P
o
si

ti
o
n

μm
)

(
P
o
si

ti
o
n

10mm

𝑥 𝑦
±20 m

𝑦1 𝑦2
𝑥1 𝑥2

𝑓yB1
𝑓yB2

𝑚 · 𝑔 ≈ 3.25N



Module 1 Module 2

0-1-2 1 2
m)μ(1x

0

-1

-2

1

2

m
)

μ(
1

y

0

-1

-2

1

2

m
)

μ(
2

y

0-1-2 1 2
m)μ(2x

𝑧∗ = 0

2000

1 m

2000

m m m

(𝑧) −0.5224 15.4277 ±15 × 103

𝑥 (𝑥1) 0.0335 0.3883 ±600
𝑦 (𝑦1) −0.0212 0.5579 ±600

𝑥 (𝑥2) 0.0579 0.4827 ±600
𝑦 (𝑦2) −0.0735 0.4956 ±600

�𝑝∗(𝑡) = [
0 0 0 0 0

] 

,

≈ 1 m

𝑧



Thermal
Expansions

Mover
Tilting

MALTA

Module 2

Module 1

(b)(a)
)1, y1x(

)2, y2x(

0.5m
≈ 65 m 10 C

13 × 10−6/ C

𝑆 = 200 m

�𝑝∗(𝑡) = [
𝑆 cos(2𝜋 𝑓𝑝∗𝑡) 𝑆 sin(2𝜋 𝑓𝑝∗𝑡) 0 0 0

] 






�𝜉∗ =
[�𝑞∗ 𝜕�𝑞∗/𝜕𝑡 ] 
 �𝑞∗ = P−1

0 (𝑧) �𝑝∗
𝑓𝑝∗ = 2Hz

𝑓xB2 𝑓yB2
4 m

10mm 16.2ms

20 m

≈ 0.5 m ≈ 15 m

400Hz
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�

�

Mover

Outer Stators
Inner Stator



Mover

b1F� b2F�

1zT� 2zT� zF�

�𝐹b1�𝐹b2 �𝑇𝑧1 �𝑇𝑧2 �𝐹𝑧

Rotary Stators
Inner Stator
Mover

Heat Flow

Mechanical 
Support

𝑝cu =
1

2
𝜌cu 𝐽

2

= 4.1 × 105 W/m



(a) (b)

20

40

60

0

C)(

Iron CoreWindings Copper Pipe

= 00T = 00T

C= 55maxT C= 31maxT

𝑇0 = 0

0.41W/cm
20W/(mK) 2W/(mK)

400W/(mK)

2.5mm



𝜌cu = 2.27 × 10−8 m

110 C

𝐽 = 6A/mm

𝑇0 = 0

𝜇0

�

�

�



no

yes

Design space
)pipe, rpm, rm, rcu-fe,lin, kcu-fe,rot, kin,outk(

Solve analytic thermal model

Solve 2D FEM
zF�,zT�

Number of designs
= 24192designN = 1n

End

Save result
+ 1n=n

designn > N

Current peak for 2D FEM

)th,..., Ramb, TwT(f=cu,lin, Pcu,rotP

)rotR(6/cu,rotP
√·= 2rotÎrotN ·2√

)linR(6/cu,linP
√·= 2linÎlinN ·2√

𝐿 𝐷



𝐿 100mm

𝐷 100mm

Δ𝑧 30mm

𝑟ag 0.7mm

𝐷hole 8mm

𝑇amb 35 C

𝑇w 140 C

𝜆w 2W/(mK)
𝜆cu 385W/(mK)
𝜆fe 20W/(mK)
𝜆alu 200W/(mK)
𝜆ex 0.1W/(mK)

𝐵r 1.3 T
𝜇r,fe 400

𝑘ff 0.6
𝑁p,rot 16

𝑁p,lin 16

𝑁s,rot 6

𝑁s,lin 12

𝑘in,out 0.46 : 0.02 : 0.6

𝑘cu−fe,rot 0.78 : 0.02 : 0.9

𝑘cu−fe,lin 0.5 0.6 0.7

𝑘pm,rot 0.7 : 0.1 : 0.9
𝑘pm,lin 0.8, 0.9
𝑟m 2.5 : 0.5 : 4
𝑟pm 2 2.5mm

𝑟pipe 2 : 0.5 : 3



D

L

mr
agr

agr

caser

piper

pmr

z2Δ

holeD

mD

wτ
pmτ

feτ
inDinsD

pmα

feα
coilα

𝑘in,out =
𝐷m

𝐷
,

𝑘cu−fe,rot = 1 − 𝛼fe
𝛼coil

𝑘cu−fe,lin =
𝜏w

𝜏w + 𝜏fe

𝛼coil

𝛼coil = 0.96 · 2𝜋

𝑁s,rot
=
25𝜋

72
rad,

𝑁s,rot = 6

𝜏w + 𝜏fe = 𝐿

𝑁s,lin
= 8.33mm,

𝐿 𝑁s,lin

𝑘pm,rot =
𝛼pm

2𝜋/𝑁p,rot
𝑘pm,lin =

𝜏pm

𝐿/𝑁p,lin

𝐿 𝑁p,rot 𝑁p,lin



𝑁design = 24192.

𝑛

𝑇amb

𝑇w 𝑃cu,rot
𝑃cu,lin

𝑃cu,rot 𝑃cu,lin
𝑛

𝑖a = 𝐼rot cos(𝜔R𝑡 + 𝜑𝑖 )
𝑖b = 𝐼rot cos(𝜔R𝑡 + 𝜑𝑖 − 2𝜋/3)
𝑖c = 𝐼rot cos(𝜔R𝑡 + 𝜑𝑖 + 2𝜋/3)

𝑖A = 𝐼lin cos(𝜔L𝑡 + 𝜃𝑖 )
𝑖B = 𝐼lin cos(𝜔L𝑡 + 𝜃𝑖 − 2𝜋/3)
𝑖C = 𝐼lin cos(𝜔L𝑡 + 𝜃𝑖 + 2𝜋/3)

𝐼rot 𝐼lin

4



aiai

Ai Bi Ci Ai Bi Cibi

bi ci

ci

𝑅rot 𝑅lin

𝑛 > 𝑁design

𝐼rot 𝐼lin

𝑇w1, . . . ,𝑇w12

𝑅th,w1 =
ℎw1

𝜆w𝐴w1
,



th,case1R th,case2R

th,case1R th,case2R

th,w1R

th,ex1R

6
cu,rotP

w1T

th,w1R

th,w1R

th,ex1R

th,ex1R

6
cu,rotP

w6T

th,w1R

th,ex1R

6
cu,rotP

w7T

th,w1R

th,ex1R

6
cu,rotP

w12T

w6. . . Tw1T
w12. . . Tw1T w12. . . Tw7T xT epT

epTxT

th,epR

th,ambR

th,ambR

th,epR

ambT

ambT
toothw

w1w

w1r

toothr

toothL

w1L

𝑇x

𝑇w1 = · · · = 𝑇w6 𝑇w7 = · · · = 𝑇w12



𝐴w1 = 𝑤w1 𝐿w1 −𝑤tooth 𝐿tooth .

𝑅th,ex1 =
ℎex1

𝜆ex𝐴w1
,

ℎex1 =
𝑟tooth − 𝑟coil

2
.

𝑅th,case1 =
𝐿/2

𝜆al𝐴case
,

𝐴case =
𝜋

4

((𝐷 + 2𝑟case)2 − 𝐷2
)
.

𝑅th,case2 =
𝐿/4 + 2Δ𝑧

𝜆al𝐴case
.

𝑇w1, . . . ,𝑇w6 𝑇w7, . . . ,𝑇w12

𝑇w1−6 𝑇x

𝑅th,rot =
𝑅th,w1 + 𝑅th,ex1

12
+ 𝑅th,case1

2
+ 𝑅th,case2 .

𝑇c12 𝑇c12 > 𝑇c11 > · · · > 𝑇c1



th,case1R th,case2R

cu,rotPcu,rotP

w1-6T

6
th,ex1R

6
th,w1R

6
th,ex1R

6
th,w1R

epTxT

th,ambRth,epR

ambT

cu,rot2P

w1-6T epTxT

th,ambRth,epRth,rotR

ambT

(a)

(b)

𝑇w1−6 = 𝑇w1 = · · · = 𝑇w12 𝑇w1−6
𝑇x

𝑇c12 −𝑇x = 𝑃cu,lin
(
𝑅th,eq2 + 𝑅th,eq1

11∑
𝑘=1

𝑘 + 𝑅th,c1
12

)
,

𝑅th,eq1 =
𝑅th,fe1𝑅th,cu1
𝑅th,fe1 + 𝑅th,cu1

𝑅th,eq2 =
(𝑅th,fe1/2 + 𝑅th,fe2) · (𝑅th,cu1/2 + 𝑅th,cu2)
𝑅th,fe1/2 + 𝑅th,fe2 + 𝑅th,cu1/2 + 𝑅th,cu2 .

𝑅th,lin =
𝑅th,c1
12

+ 66𝑅th,eq1 + 𝑅th,eq2 .



th,fe1R

th,fe1R

th,cu1R

th,cu1R
th,c1R

th,c1R

12/cu,linP

th,c1R
12/cu,linP

th,fe1R th,cu1R th,eq1R

th,eq2R

th,c1R

th,fe2R
th,fe2Rth,cu2R

th,cu2R

th,epR

th,epR

th,ambR

12/cu,linP

th,fe1R th,cu1R

th,c1R
12/cu,linP

2
th,fe1R

2
th,fe1R

2
th,cu1R

2
th,cu1R

ambT

xT

xT

epT
epT

th,ambR

ambT

c12T

c12T

c11T

c10T

c9T

c8T

c7T

c6T

c5T

c4T

c3T

c2T

c1T

c11T

c1T

c2T

𝑇x

cu,rot2P

cu,linP

th,epR

th,rotR

th,linR

th,ambR
ambT

xT

w1-6T

c12T

epT



𝑅th,c1 =
ln(𝐷ins/𝐷in)
2𝜋 𝜆w 𝜏w

.

𝑅th,fe1 =
𝜏w + 𝜏fe
𝜆fe𝐴fe1

,

𝐴fe1 =
𝜋

4
(𝐷2

in − (𝐷hole + 2𝑟pipe)2).

𝑅th,cu1 =
𝜏w + 𝜏fe
𝜆fe𝐴cu1

,

𝐴cu1 =
𝜋

4
((𝐷hole + 2𝑟pipe)2 − 𝐷2

hole).

𝑇w

𝑇w1−6 = 𝑇c12 = 𝑇w.

𝑃cu,rot 𝑃cu,lin

𝑅th,rot 2𝑃cu,rot − 𝑅th,lin 𝑃cu,lin = 0

2𝑃cu,rot + 𝑃cu,lin =
𝑇w −𝑇amb

𝑅th,eq3

,

𝑅th,eq3

𝑅th,eq3 =
𝑅th,rot 𝑅th,lin
𝑅th,rot + 𝑅th,lin .

𝑃cu,rot =
𝑅th,lin

2𝑅th,eq3 (𝑅th,rot + 𝑅th,lin) (𝑇w −𝑇amb)

𝑃cu,lin =
𝑅th,rot

𝑅th,eq3 (𝑅th,rot + 𝑅th,lin) (𝑇w −𝑇amb)
.
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𝑁design = 24192

� < 2.1 T

� < 1.4 T

� < 2.1 T
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𝑇𝑧 6.24Nm
𝐹𝑧 181.5N
�𝛾 5.3 krad/s
�𝑧 123.5m/s
2𝑃cu,rot 97W

𝑃cu,lin 18W

𝑘in,out 0.56

𝑘cu−fe,rot 0.8

𝑘cu−fe,lin 0.5

𝑘pm,rot 0.8
𝑘pm,lin 0.9
𝑟m 3mm

𝑟pm 2mm

𝑟pipe 2.5mm



𝑁rot𝐼rot = 2028.6A turns

𝑁lin𝐼lin = 685.2A turns



Rotary Stator Winding Linear Stator Winding

36mm

48mm

6mm.10
4mm.46

8 mm.23

2mm.4c,rotA

c,linA

𝐴c,rot = 148.7mm 𝐴c,lin = 47.1mm

1.6 T

200Vpeak

400V

10Apeak



a

b

c

a

b

c

10Apeak<

400V

+

-

∼ 𝑁 2
rot

𝑁rot

𝐷wire,rot

1mm

𝛿cu,rot =

√
2𝜌cu
𝜔𝜇0

√√
1 + (𝜌cu𝜔𝜖0)2 + 𝜌cu𝜔𝜖0 = 3.26mm,

𝜌cu = 1.68 × 10−8 m 𝜇0 = 4𝜋 × 10−7 H/m 𝜖0 = 8.854 × 10−12 F/m

𝜔 = 𝜔R = 𝑁p,rot
𝜋

30
3000 rpm = 2513.3 rad/s,

3000 rpm 𝑁p,rot = 16

𝐷wire,rot <
𝛿cu
4

= 0.81mm.

𝐷wire,rot = 0.8mm



(mm)wire,rotDWire Diameter -

(V
)

ro
t

Ê
In

d
u
ce

d
V
o
lt
a
g
e

A
m

p
l.
 -

(A
)

ro
t

Î
P

h
a
se

C
u
rr

en
t

A
m

p
l.
 -

3000 rpm

1014A turns

𝐸rot = 𝑁rot · 𝜔R 𝜙rot .

𝑁rot

𝑁rot = round

(
𝑘ff 𝐴c,rot

𝐴wire,rot

)
,

𝑘ff = 0.6 𝐴c,rot = 148.7mm

𝐴wire,rot = 𝜋𝐷2
wire,rot/4 = 0.5mm

𝜙rot = 0.11mWb

𝐼rot

𝐼rot =
1014A turns

𝑁rot

1014A turns



-20
-0.15

-0.10

-0.05

0

0.05

F
lu

x
 p

er
 T

u
rn

 (
m

W
b
)

0.15

0.10

-10 0 10 20
)Mover Angle (

aφ bφ cφ

𝐷wire,rot = 0.8mm

𝐸rot = 50V 200V

𝐼rot = 5.7A 10A

𝐷wire,rot = 0.8mm

𝑁rot = 187 turns

𝐸lin ≤ 200V

𝐼lin ≤ 10A

𝑣𝑧 = 4m/s

𝜔L =
2𝜋

𝜏pp
𝑣𝑧 = 1005.3 rad/s,

𝜏pp

𝜏pp =
𝐿

𝑁p,lin/2 = 12.5mm.



𝛿cu,lin = 5.2mm

𝐷wire,lin <
𝛿cu,lin
4

= 1.3mm.

𝐷wire,lin = 0.5mm

𝑁lin = round

(
𝑘ff 𝐴c,lin

𝐴wire,lin

)
= 144 turns,

𝑘ff = 0.6 𝐴c,lin =
47.1mm 𝐴c,lin = 𝜋𝐷2

wire,lin
/4 = 0.2mm

𝐸lin

𝐸lin = 𝑁lin · 𝜔L 𝜙lin = 98.5 V,

𝜙lin = 0.672mWb

𝐼lin =
342.6A turns

𝑁lin
= 2.4A,



𝑁rot 187 turns

𝐷wire,rot 0.8mm

𝐸rot 50 V

𝐼rot 5.7A

𝑁lin 144 turns

𝐷wire,lin 0.5mm

𝐸lin 98.5 V
𝐼lin 2.4A

Rotary Stator Winding Linear Stator Winding

190 turns
0.8 mm wire diameter 0.5 mm wire diameter

150 turns×2

190 turns

200 C 30min

𝑘ff,rot =
190 · 𝐴wire,rot

𝐴c,rot
= 0.642,



𝐴wire,rot = 0.5mm 𝐴c,rot = 148.7mm

0.6

160 C 30min

𝑘ff,lin =
150 · 𝐴wire,lin

𝐴c,lin
= 0.625,

𝐴wire,lin = 0.2mm 𝐴c,lin = 47.1mm

0.6

� 2

� 12

� 2

� 24

100 : 13

60 C

4 hours

4 hours 120 C
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Aluminum Case
Outer Stator Assembly

Sensor Board 1 (SB 1)

Sensor Shielding

SB 2

Rotary Stator Core Rotary Stator Core with Windings

0.35mm



PTFE Potting Molt Potted Stator

100 : 13 1.4W/(mK)

≈ 150 C ≈ −20 C

25 × 1mm 15.8mm 25

11.2mm
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Inner Stator Core with Windings

Copper Pipe
Pin Nut

Tooth
Slit for

Winding Ends

End Plate

A B C A B C

±0.1mm

0.4mm
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Inner Linear Stator

Outer Rotary Stator

Cable Glances

End Plate

Cable Duct

Connection Box

Mover Core

Slit for PMs PMs

Mover Core with Rotary PMs

N
S

S
NS

0.2mm

(2×9.2×34)



Linear Stator PMs

Al Form

PM Insertion into the Mover Core

N
S

0.4mm

DS LiRA Mover

Al Shield







9

2 × 6

15

𝑁ph = 18

3



400V
+

+

-

L

Li

outv

outi

2C/

2C/

2/dC

2/dC

dR2

dR2

𝐿𝐶
600V 70m

𝑅d 𝐶d

𝑖L 𝑣out 𝑖out

3

𝑖L 𝑣out 𝑖out

18 18 × 2 = 36

18

54

𝐿
𝐿

𝑉dc 400V

𝑉̂out 100 % 200V

𝐼out 10A

𝑓out 400Hz

𝑓sw 140 kHz

𝑁ph 18



50

RM10 RM12 RM14
T

o
ta

l 
L
o
ss

es
 (

W
)

12

14

16

18

20

100 150 200 250 300
H)(LInductance -

𝑖out

50 H

280 H 10 H

14.1W 80 H 13.5W 100 H



80 H

= 8 + 7 + 8

71 m

1.8mm

2.2 F

200V

65% 2.2 F 0.77 F

𝐶
1/(2𝜋√𝐿𝐶)

1 %

𝐶 = 4.8 F 𝐿 = 80 H

4

1.54 F 200V

3 3

2 4 6

𝑅d 𝐶d



0
0

1

2

3

100 200
Voltage (V)

300 400

to DC- to DC+ Total

F
)

C
a
p
a
ci

ta
n
ce

(

𝑅d = 𝑅0d

√
(2 + 𝑛) (4 + 3𝑛)
2𝑛2 (4 + 𝑛) ,

𝑅0d =
√
𝐿/𝐶 𝑛 = 1

𝐶d = 𝑛𝐶

𝐶𝑆𝑃𝐼
𝐶th,hs

𝐶𝑆𝑃𝐼 =
1

𝑅th,hs ·𝑉hs = 12
W

Kdm3
,

𝑅th,hs = 𝐶−1
th,hs

𝑉hs

𝑅th,hs



𝑃v,hb = 10.2W
9 18

9

9 𝑃v,9hb = 9𝑃v,hb = 92W

9

𝑅th,tot =
𝑅th,jc + 𝑅th,vias + 𝑅th,tim

9
+ 𝑅th,hs =

𝑇j −𝑇amb

𝑃v,9hb
,

𝑅th,jc = 0.55 K/W
180 𝑅th,vias = 1.23K/W

𝑅th,tim = 0.5 K/W

𝑇j − 𝑇amb = 70 C

9 𝑅th,hs = 0.5 K/W

𝑉hs = 0.17 dm .

2× 1 F 500V



400V 6 × 3

12 V



�

�

�

𝑖eddy

𝐿x1 𝐿x2 𝐿y1 𝐿y2
𝑀inj−x1 𝑀inj−x2 𝑀inj−y1

𝑀inj−y2 Δ𝑥
0.6mm

𝑀inj−x1 = 𝑀0 +
𝜕𝑀inj−x1
𝜕𝑥

Δ𝑥

𝑀inj−x2 = 𝑀0 +
𝜕𝑀inj−x2
𝜕𝑥

Δ𝑥

𝑀inj−y1 = 𝑀0 +
𝜕𝑀inj−y1
𝜕𝑦

Δ𝑦

𝑀inj−y2 = 𝑀0 +
𝜕𝑀inj−y2
𝜕𝑦

Δ𝑦

,

𝑀0

Δ𝑥 Δ𝑦 𝑥 𝑦



inji

injL

x1L

x2L

y1L

y2L

eddyi

x

y

Center Position

Mover Mover

Mutual Inductances:

0M=inj-x1M

0M=inj-x2M

0M=inj-y1M

0M=inj-y2M

inji

injL

x1L

x2L

y1L

y2L

eddyi

x

y

Mutual Inductances:

0M>inj-x1M

0M<inj-x2M

0M=inj-y1M

0M=inj-y2M

xΔ

DisplacementxΔ

α

- Number of TurnsN

𝐿inj 4 𝐿x1 𝐿x2 𝐿y1 𝐿y2
𝑖inj

𝑖eddy

𝑀0 𝑥
𝑖eddy 𝑖inj 𝐿x2

𝑀inj−x2 𝑀inj−x1 𝛼

𝑁



𝑥 𝑦

𝐿x1
𝐿x2 𝐿y1 𝐿y2

𝜕𝑀inj−x1
𝜕𝑥

= − 𝜕𝑀inj−x2
𝜕𝑥

𝜕𝑀inj−y1
𝜕𝑦

= − 𝜕𝑀inj−y2
𝜕𝑦

.

𝑥
𝑦

𝜕𝑀inj−x1
𝜕𝑥

= − 𝜕𝑀inj−x2
𝜕𝑥

=
𝜕𝑀inj−y1
𝜕𝑦

= − 𝜕𝑀inj−y2
𝜕𝑦

=
𝜕𝑀

𝜕𝑟
,

𝜕𝑀/𝜕𝑟 𝑥
𝑦

𝐼inj 𝜔osc

𝑖inj = 𝐼inj sin(𝜔osc𝑡).

𝑥
𝑦

𝑒x1 = 𝑀inj−x1
𝜕𝑖inj

𝜕𝑡

𝑒x2 = 𝑀inj−x2
𝜕𝑖inj

𝜕𝑡

.

𝑒x1 − 𝑒x2 = 𝜔osc 𝐼inj (𝑀inj−x1 −𝑀inj−x2) cos(𝜔osc𝑡).

Δ𝑒x = 𝑒x1 − 𝑒x2 = 𝜔osc 𝐼inj 2
𝜕𝑀

𝜕𝑟
Δ𝑥 cos(𝜔osc𝑡).

Δ𝑒x
𝐿x1 𝐿x2 Δ𝑒x Δ𝑥

Δ𝑒x



Oscilator

LPF

+

-

inji

injL

injR

injC

x1L

x2L

x1e

x2e

xeΔ

5V.2

5V.2

5V

xU

Delay Line

0≈i

𝑥 𝑦

𝑖inj 𝐿inj
2.5 V

𝑈x Δ𝑥

𝑥

Δ𝑒x
𝑈x ∈ [0 . . . 5 V]

𝑖inj 𝐿inj

𝜔osc𝐿inj 𝑖inj

𝐶inj

𝐶inj =
1

𝜔2
inj
𝐿inj

.

𝑖inj
𝑅inj

≈ 20

𝑈x

𝑈x ∼ 2𝜔osc 𝐼inj
𝜕𝑀

𝜕𝑟
Δ𝑥 .



S1

40
20

80
60

100
120
140

0

= 10N
= 22α

S2
= 10N
= 14α

S3
= 15N
= 35α

S4
= 15N
= 22α

S5
= 20N
= 35α

S6
= 19N
= 25α

(%
)

∂
r

∂
M

𝜕𝑀/𝜕𝑟 = 100 %

𝜕𝑈x/𝜕(Δ𝑥)
𝜔inj 𝐼inj

𝜕𝑀/𝜕𝑟
𝜔osc

𝐼inj 𝑅inj
𝜕𝑀/𝜕𝑟

𝛼 𝑁

𝛼 𝜕𝑀/𝜕𝑟

𝑁
𝜕𝑀/𝜕𝑟

𝑁 = 10 𝑁 = 15 𝜕𝑀/𝜕𝑟
𝑁 = 15 𝑁 = 20 𝜕𝑀/𝜕𝑟

𝜕𝑀/𝜕𝑟
𝜕𝑀/𝜕𝑟

𝛼



Oscillator

Hall
Sensors

ADC

LVDS
Driver

Pick-up
Coil

Temp. CircuitLPF

Delay
Line

SB 1

SB 2
α

25.11

100 k

𝑁 = 15 𝛼 = 22



1MHz

𝐿x1 𝐿x2 𝐿y1 𝐿y2 2.2 H 2 H

𝐿inj 97 H 100 H

𝑀inj−x1 𝑀inj−x2 𝑀inj−y1 𝑀inj−y2 0.72 − 1.42 H 0.68 − 1.5 H

-0.6 -0.4 -0.2 0 0.2 0.4 0.6
1.5

2

2.5

3

3.5

(mm)xDisplacement - Δ

D
C

S
en

so
r

O
u
tp

u
t

V
o
lt
a
g
e

(V
)

xU

yU

= 0yΔ

1.17 V/mm

𝑥 𝑦

≈ 2

4.2MHz

𝜔osc = 2𝜋 · 3.2MHz

𝐶inj ≈ 25 pF



90

8

90 /8 = 11.25

𝜑el = atan2

(
𝑈sin,rot

𝑈cos,rot

)
,

𝑈sin,rot = 𝐴 sin(𝜑el) 𝑈cos,rot = 𝐴 cos(𝜑el)

atan2 𝜑el −𝜋
𝜋

𝜑mech =
𝜑el + 𝑘 2𝜋

8
,

8 𝑘
0 7

𝜑el ∈ [0, 2𝜋]
𝑘 𝜑mech

𝜑mech ∈ [0, 2𝜋]
±42mT

90

6.25mm

6.25mm/2 = 3.125mm



Hall Sensors

Inner
Stator

4

85

5

𝜃el = atan2

12223
𝑈sin,lin

𝑈cos,lin
− sin(5 )

cos(5 )
45556 ,

𝑈sin,lin = 𝐴 sin(𝜃el + 5 ) 𝑈cos,lin = 𝐴 cos(𝜃el).

5

sin(𝛼+𝛽) = sin(𝛼) cos(𝛽)+cos(𝛼) sin(𝛽)

1

cos(5 )
(
sin(𝜃el) cos(5 ) + cos(𝜃el) sin(5 )

cos(𝜃el) − sin(5 )
)
=

sin(𝜃el)
cos(𝜃el) .

𝑧 =
𝜏p

𝜋
(𝜃el + 𝑘 2𝜋),



𝑘 𝜑mech

𝜏p =
𝐿

𝑁p,lin
= 6.25mm.

18

600V

70m 400V

𝐿𝐶

𝐶𝑆𝑃𝐼 = 12W/(Kdm )

1.17 V/mm





10

6

{𝑖r,a, 𝑖r,b, 𝑖r,c}
{𝑖b,a, 𝑖b,b, 𝑖b,c}

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖1
𝑖2
𝑖3
𝑖4
𝑖5
𝑖6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖r,a + 𝑖b,a
𝑖r,b − 𝑖b,c
𝑖r,c + 𝑖b,b
𝑖r,a − 𝑖b,a
𝑖r,b + 𝑖b,c
𝑖r,c − 𝑖b,b

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= W

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖r,a
𝑖r,b
𝑖r,c
𝑖b,a
𝑖b,b
𝑖b,c

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦



1i

1i

2i

3i

4i

5i

6i

4i

Ai Bi Ci Ai Bi Ci2i

5i 6i

3i

c1v

c2v

c3v

c4v

c5v

c6v

Ai

Bi

Ci

cAv

cBv

cCv

Rotary Stator Linear Stator

rotΨ̂,rotL,rotR linΨ̂,linL,linR

6

6 𝑖1, ..., 𝑖6
𝑖A 𝑖B 𝑖C

140 kHz

W

W =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 1 0 0

0 1 0 0 0 −1
0 0 1 0 1 0

1 0 0 −1 0 0

0 1 0 1 0 1

0 0 1 1 −1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

W

16

0.866
16−2 = 14

16

2𝑃 − 2

16

0.866



𝑅rot 1.8
𝐿rot 2.4mH

Ψ̂rot 20.7mWb

𝐾R 0.21Nm/A
𝐾B 3.7N/A

𝑅lin 6.3
𝐿lin 31mH

Ψ̂lin 110mWb

𝐾L 83.5N/A

𝑚 1.24 kg
𝐽 0.001 45 kgm
𝐾A 45.8N/mm

𝐿𝐶
(𝑖1, ..., 𝑖6)

(𝑣c1, ..., 𝑣c6)
(𝑖L1, ..., 𝑖L6)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣c1
𝑣c2
𝑣c3
𝑣c4
𝑣c5
𝑣c6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣cr,a + 𝑣cb,a
𝑣cr,b − 𝑣cb,c
𝑣cr,c + 𝑣cb,b
𝑣cr,a − 𝑣cb,a
𝑣cr,b + 𝑣cb,c
𝑣cr,c − 𝑣cb,b

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖L1
𝑖L2
𝑖L3
𝑖L4
𝑖L5
𝑖L6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖Lr,a + 𝑖Lb,a
𝑖Lr,b − 𝑖Lb,c
𝑖Lr,c + 𝑖Lb,b
𝑖Lr,a − 𝑖Lb,a
𝑖Lr,b + 𝑖Lb,c
𝑖Lr,c − 𝑖Lb,b

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

W

𝑑𝑞
𝑑𝑞

W−1



𝑖
𝐾p V/A 20

𝐾i V/(As) 10000

𝑣c
𝐾p A/V 0.405
𝐾i A/(Vs) 3553

𝑖L
𝐾p V/A 10.23
𝐾i V/(As) 0

𝑑𝑞 𝑇dq

Tdq =

[
cos(𝜑) cos(𝜑 − 2𝜋

3
) cos(𝜑 + 2𝜋

3
)

− sin(𝜑) − sin(𝜑 − 2𝜋
3
) − sin(𝜑 + 2𝜋

3
)
]
.

𝜑 𝜑 = 𝜑r
𝜑 = 𝜑b

280 kHz

140 kHz

𝑑𝑞



cr,av
cr,dv

cr,qv

cb,dv

cb,qv

swr,dv

swr,qv

swb,dv

swb,qv

cr,bv

cr,cv

cb,av

cb,bv

cb,cv

swr,av

swr,bv

swr,cv

swb,av

swb,bv

swb,cv

dq
1−T

dq
1−T

sw,dv

sw,qv

sw,Av

sw,Bv

sw,Cv

dq
1−T

1i

2i

3i

4i

5i

6i

L1i

L2i

L3i

L4i

L5i

L6i

Lr,ai
Lr,di
Lr,qi

Lr,bi

Lr,ci

Lb,ai

Lb,bi

Lb,ci

c1v

c2v

c3v

c4v

c5v

c6v

sw1v

sw2v

sw3v

sw4v

sw5v

sw6v

1−W

Lb,di
Lb,qi

dqT

dqT

1−W W

1d

2d

3d

4d

5d

6d

Ad

Bd

Cd

dqT

dqT

r,ai
r,di
r,qi

r,bi

r,ci

b,ai

b,bi

b,ci

1−W

b,di
b,qi

dqT

dqT

Ai
di
qi

Bi

Ci

dqT

Controller
=

0
r,
d∗ i

R
/
K

z
T

=
r,
q∗ i

B
/
K

x
F

=
b
,d∗ i

B
/
K

y
F

=
b
,q∗ i

Controller

=
0

d∗ i

L
/
K

z
F

=
q∗ i

(𝑑1, ..., 𝑑6)

𝑑𝑞

𝑖
𝐾p V/A 60

𝐾i V/(As) 30000

𝑣c
𝐾p A/V 0.405
𝐾i A/(Vs) 3553

𝑖L
𝐾p V/A 10.23
𝐾i V/(As) 0



q
∗i

qi

d
∗i

d
∗idi

+ + + + + +
+ +- - -

-
PI-1 PI-2

d-Component Controller

not for bearing component

not for bearing component

q-Component Controller

P-3
∑ ∑ ∑ ∑ ∑ ∑

∑ ∑ ∑ ∑ ∑ ∑

∑

qilinLLω
r,qirotLRω

c,d
∗v

c,dv c,dv

c,d
∗i L,d

∗i

L,di

L,d
∗v sw,dv

q
∗i

+ +

+ +

+ + + +
+ +- - -

-
PI-1 PI-2 P-3

dilinLLω
r,dirotLRω

c,q
∗v

c,qv c,qv

c,q
∗i L,q

∗i

L,qi

L,q
∗v sw,qv

linΨ̂Lω
rotΨ̂Rω

𝑑 𝑞
𝑑𝑞

3 280 kHz

140 kHz



Bearing Controller

Rotary Controller

Linear Controller

1x

2x

1y

2y

z

α

∑+
-

PID
1
∗x

1x

∑ ∑+ +
+-

PID
1
∗y

1y

∑+
-

PID
2
∗x

2x

∑ ∑+ +
+-

PID
2
∗y

2y

∑ ∑+ +
+-

PID

∑ ∑+ +
+-

PID

∗z

z

α

∗α

1xF

2xF

1yF

2yF

zF

zT

2mg/

2mg/

cogF

α̈J

6

4 2



𝐾p N/m 680

𝐾i N/(ms) 10200

𝐾d Ns/(m) 2.55
N 26.2

𝐾p N/rad 25

𝐾i N/(rads) 99

𝐾d Ns/(rad) 0.8
Nm 0.839

𝐾p N/m 125

𝐾i N/(ms) 5862

𝐾d Ns/(m) 1

N 166

𝑚0 �𝑞 = 𝑐0 �𝑞 + 𝑘0𝑞 + ℎ(𝑡)
𝑞 𝑞 = {𝑥1, 𝑦1, 𝑥2, 𝑦2, 𝑧}

𝑞 = 𝛼 𝑚0

ℎ(𝑡)

�𝑝 =

[
𝑞
�𝑞
]
.

�̂𝑝𝑛+1 = A �̂𝑝𝑛 + Bℎ𝑛 + L (𝑞𝑛 − C �̂𝑝𝑛),

C =
[
1 0

]
.

A B L

𝑥1, 𝑦1, 𝑥2, 𝑦2 𝛼 𝑧
Δ𝑡

Δ𝑡 = 1/35 kHz = 28.57 s.



A =

[
1 Δ𝑡

2𝐾AΔ𝑡
𝑚 1

] [
1 Δ𝑡
0 1

] [
1 Δ𝑡
0 1

]
B =

[
0
2Δ𝑡
𝑚

] [
0
Δ𝑡
𝐽

] [
0
2Δ𝑡
𝑚

]
L =

[
0.06 0

0 0.04

] [
1 0

0 0.005

] [
0.02 0

0 0.09

]

𝐾A 𝑚
𝐽

𝑐0 = 0

𝑘0 = 𝐾A 𝑚0 =𝑚/2
𝑚0 = 𝐽

𝐿𝐶

6

6
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𝐿𝐶

𝑖L
𝑣c



𝑑𝑞

𝑑 𝑞
𝑖∗q = 0 𝑑 𝑞

𝑞

𝑖r,d

10 % 90%

0.12ms 𝑖r,d

𝑓BW,i =
1

3 · 0.12ms
= 2.78 kHz.

𝑣cr,d 𝑖Lr,d



C
u
rr

en
t 

(A
)

V
o
lt
a
g
e 

(V
)

C
u
rr

en
t 

(A
)

Time (s)
0

-5

0

5

10

100

50

0

0

1

2

3

0.2 0.4 0.6 0.8

Time (s)
0 0.2 0.4 0.6 0.8

Time (s)
0 0.2 0.4 0.6 0.8

Lr,diLr,d
∗i Lr,d,sim

∗i Lr,d,simi

cr,dvcr,d
∗v cr,d,simvcr,d,sim

∗v

r,d
∗i r,dir,d,simi

𝑑 𝑖r,d
𝑑 𝑞

𝑖∗r,q = 0 𝑖d 0.12ms

10 % 90%

2.78 kHz
𝑣cr,d 𝑖Lr,d



𝑧∗ 𝑧0 = −6mm 𝑧1 = 6mm

𝑧∗(𝑡) = 𝑧0 + 1

2
(𝑧1 − 𝑧0)

(
1 +

(
5

𝑡r
(𝑡 − 𝑡r/2)

) )
,

𝑡 𝑡r

𝑡r = |𝑧1 − 𝑧0 | · 0.01 + 0.027 s.

𝑡r = 147ms

𝑧error 0.2mm 1.7 %



P
o
si

ti
o
n

(m
m

)
E
rr

o
r 

(m
m

)
V

el
o
ci

ty
 (

m
m

/
s)

F
o
rc

e 
(N

)

-5

-0.2

0

0

0

-40

40

80

50

100

0.2

0

5

z

zf

∗z

0 0.1 0.2 0.3
Time (s)

0.4 0.5

0 0.1 0.2 0.3
Time (s)

0.4 0.5

0 0.1 0.2 0.3
Time (s)

0.4 0.5

0 0.1 0.2 0.3
Time (s)

0.4 0.5

zv

z−∗z=errorz

12mm

𝑧error < 0.2mm

𝑣z = 0.1m/s
𝑣z/𝜏pp = 8Hz 𝑓z

∼ 29N

6.25mm



0 0.05 0.1 0.15
Time (s)

0.2

0 0.05 0.1 0.15
Time (s)

0.2

0 0.05 0.1 0.15
Time (s)

0.2

0 0.05 0.1 0.15
Time (s)

0.2

P
o
si

ti
o
n

(m
m

)

-5

0

5
E
rr

o
r 

(m
m

)

-5

0

5

V
el

o
ci

ty
 (

m
m

/
s)

-500

0

500

F
o
rc

e 
(N

)

-200

0

200

z∗z

z−∗z=errorz

zv

zf

𝑧∗ 20Hz 5mm

500mm/s
(500mm/s)/𝜏pp = 40Hz 𝜏pp =

𝐿/(2𝑁p,lin) = 100mm/8 = 12.5mm

200N



𝑓z

20Hz

0.9 52.6

𝛼∗

𝛼0 = 15 𝛼1 = 180 165

3A 2𝐾R · 3A = 1.26Nm
2 2

60 m

𝑛∗𝛼 = 60 rpm

1

2

20 m

1 2



0

0

-5

5

0

-2

0

2

200

S
p
ee

d
 (

rp
m

)
T

or
q
u
e 

(N
m

)

400

600

800

100

200
)

P
o
si

ti
o
n

(
)

E
rr

o
r

(

αn

195

α

∗α

0 0.1 0.2 0.3
Time (s)

0.4 0.5

0 0.1 0.2 0.3
Time (s)

0.4 0.5

0 0.1 0.2 0.3
Time (s)

0.4 0.5

0 0.1 0.2 0.3
Time (s)

0.4 0.5

1.26

-1.26

zT

15

180 700 rpm

93.33Hz
1.26Nm/(2𝐾R) = 3A



0

0

-50

50

0.1 0.2 0.3
Time (s)

0

-20

20

F
or

ce
 (

N
)

0

-20

20

F
or

ce
 (

N
)

0.4 0.5

0 0.1 0.2 0.3
Time (s)

0.4 0.5

0 0.1 0.2 0.3
Time (s)

0.4 0.5

0 0.1 0.2 0.3
Time (s)

0.4 0.5

1x
1ym

)
P
o
si

ti
o
n

(

0

-50

50m
)

P
o
si

ti
o
n

(

2x
2y

x1f

y1f

x2f

y2f

60 m



-0.3

-0.2

-0.1

0

-50

0

50
P

o
si

ti
o
n
 (

m
m

)
S
p
ee

d
 (

rp
m

)
P

os
it
io

n
 (

m
m

)
F
or

ce
 (

N
)

0

0

0

-20

20

F
or

ce
 (

N
)

0

-20

20

0.1

0.2

0.3

0.1 0.2 0.3
Time (s)

0.4 0.5

0 0.1 0.2 0.3
Time (s)

0.4 0.5

0 0.1 0.2 0.3
Time (s)

0.4 0.5

0 0.1 0.2 0.3
Time (s)

0.4 0.5

0 0.1 0.2 0.3
Time (s)

0.4 0.5

1x
1y

2x
2y

1xf

1yf

2xf

2yf

αn

𝑛∗𝛼 = 60 rpm



0-10-20
-20

-10

0

10

20
Rotary Stator 1 Rotary Stator 2

10 20
m)(1x

m
)

(
1

y

-20

-10

0

10

20

m
)

(
1

y

0-10-20 10 20
m)(2x

𝑥 𝑦
𝑛𝛼 = 60 rpm

0.05 s ≤ 𝑡 ≤ 0.5 s
20 m

𝑛𝛼 = 60 rpm 9000 samples

m m m

𝑥1 −0.41 m 3.74 m ±700 m

𝑦1 −0.21 m 5.41 m ±700 m

𝑥2 0.15 m 5.01 m ±700 m

𝑦2 −0.26 m 5.87 m ±700 m

2.78 kHz



12mm 147ms

0.2mm

20Hz 5mm

60 m

60 rpm

±20 m

5.9 m



12



18 phases 24 individually

88mF

18

18 × 3 = 54 pins 3

152 available



4

0.75 m/bit 1600 bits

10mm 15N

≈ −14N

±20 m

2000measured ≈ 0.5 m

15.4 m

200 m



24 192 designs

18 half 𝐿𝐶
400Vdc 10Apeak

0 − 400Hz

80 H

+ 140 kHz

𝐶𝑆𝑃𝐼 = 12W/(Kdm )

𝑥, 𝑦

3.2MHz

1.17 V/mm

W



𝑥 𝑦
4× 1×

1×

∼ 2.78 kHz

12mm

147ms 0.2mm

20Hz 5mm

60 m

20 m

�

≈ 15 m m



�

�

30𝑔

�



�









A

𝑥 𝑦

8

4 5 4

1

�𝑟 ∗ − �𝑟
�𝐹c

𝑥 (1,2) , 𝑦 (1,2)
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5
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z

z

s1
I

K
+

P
K

∗
�r

)
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ff
F�

ff
F�

F�
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c

(1
)

I
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)
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U
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q
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c
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)

I
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q
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x
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M

A
L
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A
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(2

)
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(1
)
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(1

)
x

=
(
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F�

p
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τ
π

2

+
+

+
s1

I
K

+
P

K

In
v
er

te
r

-
-

s
D
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+

L
K
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ϕ(

R
K

L
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K
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ϕ(
R

1−
K

d
q(1

,2
)

∗ I

)
x

,F
y

F
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2
(

x
2
)

,
(1

F

y
2
)

,
(1

F

i
2
)

,
(1

ϕ

i
2
)

,
(1

ϕ

i
2
)

,
(1

ϕ

2]
×

[2
×

2

t
L

ω

t
L

ω

t
L

ω

y(1
)

F

y(2
)

F

z
F

x(1
)

F

x(2
)

F

y2
F

+
x2

F
√

B
1−

K

y2
F

+
x2

F
√

B
1−

K

2/
L

1−
K

b(1
)

I b(2
)

I 0
q

2
)

,
(1 i 0
d

2
)

,
(1 i

0

5
4

1
5

𝜑
(1,
2
)

𝑖
𝜔
L
𝑡

� 𝐹 c
� 𝐹 ff
(𝑧)

� 𝐹
=

� 𝐹 c
+
� 𝐹 ff
(𝑧)

=
(𝐹
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𝐹 (1,2)
x , 𝐹 (1,2)

y

�𝑟
�𝑟 ∗ − �𝑟

𝐾B =
9

4
𝜒pm,M, 𝐾L =

9𝜋

𝜏pp
Ψ̂M,

𝑑𝑞

I
∗(1,2)
dq

𝑑𝑞

𝑧
𝑑𝑞

�𝐹ff (𝑧)

�𝐹ff (𝑧)

𝑥 (1,2)

𝑦 (1,2)

𝑥
𝑦

𝑥 𝑦



𝑎x =
2

𝑚
𝐹x, 𝑎y =

2

𝑚
𝐹y,

𝑎x = 𝑑2𝑥/𝑑𝑡2 𝑎y = 𝑑2𝑦/𝑑𝑡2 𝑚

𝐺OL (𝑠) = {𝑥 (𝑠), 𝑦 (𝑠)}
𝐹 {x,y} (𝑠) =

2

𝑚𝑠2
,

𝑠 = L(𝑑/𝑑𝑡)

𝑥 𝑦

𝐹x,pull 𝐹y,pull

𝐾pull

𝐹pull,x = 𝑥 𝐾pull, 𝐹pull,y = 𝑦 𝐾pull,

𝐾pull = 8330N/m

𝜔BW > 𝜔D, 𝜔D

77𝐺pu

D
( 𝑗𝜔D)

77 = 1

𝜔BW 𝐺
pu

D

𝐺D = 𝐺OL

𝐺D

𝑥 𝐺D

𝑥 𝐹pull,x

𝐺
pu

D
(𝑠) = 𝑥 (𝑠)/𝑥

𝐹x (𝑠)/𝐹x
=
2𝐾pull

𝑚𝑠2
,



𝑅 2.2
𝐿 2.0mH

𝑚 0.360 kg

𝐾L 5.2N/A
𝐾B 5.2N/A
𝐾pull 8330N/m

𝐹x = 𝑥 𝐾pull 𝜔D

𝜔D =
√
2𝐾pull/𝑚

𝜔BW >

√
2𝐾pull

𝑚
≈ 220 rad/s,

𝐾pull 𝑚
𝑦

𝜔BW

1100 rad/s
𝑧

𝑎z = 𝐹z/𝑚 𝑎z = 𝑑2𝑧/𝑑𝑡2 𝑚
𝑧

𝑡r

𝑓BW 𝑡r = 1/3 𝑓BW = 𝜔BW/2𝜋
𝑡r = 20ms

≈ 110 rad/s

3000 rad/s



𝜔BW 𝜔BW ≈ 400 rad/s

𝐾P 𝐾I 𝐾D

𝑖0q, 𝑖bd 8.01 V/A 8.45 kV/(A s)
𝑖0d, 𝑖bq 8.01 V/A 8.45 kV/(A s)
𝑥 (1) , 𝑥 (2) 39 kN/m 1.8MN/(ms) 150N s/m
𝑦 (1) , 𝑦 (2) 39 kN/m 1.8MN/(ms) 150N s/m
𝑧 2.44 kN/m 42.87 kN/(ms) 35.07N s/m

𝑥 (1)
0 = 0.1mm 𝑦 (1)

0 = −0.7mm 𝑧0 = −1mm

𝑥 (1)∗ = 0 𝑦 (1)∗ = 0

≈ 67 rad/s

𝑅(𝑠) = 1

0.015 𝑠 + 1
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𝑥
(1)
0 = 0.1mm 𝑦

(1)
0 = −0.7mm

𝑧0 = −1mm 𝑥 (1)∗ = 0 𝑦 (1)∗ = 0 𝑧∗ = 0

𝑥 (1) , 𝑦 (1) 𝑧

𝑑𝑞0



𝑇s = 50 s

0.1 s

𝑥 (1)
0 𝑦 (1)

0

𝑥 (1)∗ = 𝑥 (1)
0 (1 − 𝑟 (𝑡)) ,

𝑦 (1)∗ = 𝑦 (1)
0 (1 − 𝑟 (𝑡)) ,

𝑟 (𝑡) = L−1 (𝑅(𝑠)/𝑠) L−1

𝑥 (1)
0 𝑦 (1)

0

𝐹 (1)
pull,y

𝐹g = 𝑔𝑚/2 =

3.53N 𝑔 = 9.8m/s2
𝐹 (1)
y

𝐹 (1)
y = 𝐹 (1)

pull,y
+ 𝐹g ≈ 8.3N

0.005 s

𝑖 (1)
qd

1.42A 𝐹 (1)
y =

𝐾B 𝑖
(1)
qd

≈ 8.3N

10% 𝑥 𝑦
0.06 s ±1 m

𝑧
±20 m

𝐹z
𝑖 (1)0q ≈ 0.5N ≈ 0.05A

𝐹z
𝑖 (1)0q
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10 rad/s
2 dB 100 rad/s
−40 dB

−90 100 rad/s
−180

𝑓z = 17Hz(≈ 107 rad/s)

−3 dB Δ𝑧∗pp = 10mm

Δ𝑧pp = 7mm

𝜙 ≈ 95

𝐹z Δ𝐹z,pp =
29.26N

±8 m

𝐹 (1)
y 1.6N

𝐹g 𝐹 (1)
x −0.37N

0

10mm

17Hz

±8 m





B

7 × 103 kg/m3

≈ 11.7 kg 650N

≈ 55m/s2



Outer Stator
(Linear)

(a)

(b)

Inner Stator
(Rotary)

mr

mL

L
D

Outer Ring PMs

Mover Back Iron

Inner PMs

z

ϕ

in,pmr

ironr

out,pmr

𝑟m

𝑟m = 𝑟pm,in + 𝑟iron + 𝑟pm,out



150m/s2

𝜏𝑧 𝜏𝜑

𝐵r

𝐵r ≈ 0.38 T 𝐵̂r ≈ 0.52 T
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PM Pole
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PM Pole

unfold
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ϕ

zτ
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pmr
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PM Pole

South
PM Pole

z

unfold
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ϕ

ϕ

zτ

ϕτ
pmr

𝜏𝑧 𝜏𝜑 𝑟m = 𝑟pm

1.3 T
500

(𝑟pm,in) 1mm

(𝑟pm,out) 1mm

(𝑟iron) 2mm

(𝑟pm) 4mm 4mm

(𝑟m) 4mm 4mm 4mm

11.5mm 11.5mm 11.5mm

15.5mm 15.5mm 15.5mm

𝜏𝜑 36 36 36

𝜏𝑧 7.5mm 7.5mm 7.5mm
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𝑟m = 𝑟pm,in + 𝑟pm,out

𝑟pm,in = 𝑟pm,out

15W



CM

Sec. IIISec. IV

iCM

DM and SM iDM and iSM

out,pmr

in,pmr

mr
out,pmr

in,pmr

pmr

crr

prr

in,agr

out,agr

in,agr

out,agr

𝑟ag,in 𝑟ag,out
𝑟ag,in − 𝑟cr 𝑟ag,out − 𝑟pr

𝑟cr 𝑟pr

1.3 T
500

7550 kg/m3

7870 kg/m3

(𝐿) 60mm

(𝐷) 50mm

𝑁𝜑 10

𝑁𝑧 8

𝜏𝜑 36

𝜏𝑧 7.5mm

0.7mm

2mm

(𝑟pm,in)
(𝑟pm,out)

(𝑟iron)
(𝑟pm)

(𝑟m)
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100%

200%

iSM

iCM

iDM

Force

Circum.
Acceleration

Axial Acceleration
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1mm 2mm 1mm

�
� �

1mm

2mm
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𝑟pm

𝐿m
≈ 1

90
,
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crr

𝑟cr = 0.5mm
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200%

SM

CM

DM

Force

Circum.
Acceleration

Axial Acceleration

Torque

15W

𝑟cr = 0.5mm

1.2mm 1.2mm

𝑇cog 𝐹cog



10

8

6

6

(𝑟pm,in) 1mm

(𝑟pm,out) 1mm

(𝑟iron) 2mm

(𝑟pm) 1mm 1mm

(𝑟cr) 0.5mm 0.5mm

(𝑟pr) 0.5mm 0.5mm

(𝑟m) 4mm 1mm 1mm

0.7mm 1.2mm 1.2mm

0.7mm 0.7mm 0.7mm

g 240 52 36

(×10−6kgm2) 51.5 9.35 6.54

N 35.9 7.1 7.0
Nm 0.3 0.11 0.081

m/s2 150 134 194

rad/s2 5825 11 764 12 393



{𝑇cog, 𝐹cog} ∼ 𝜙2 𝑑𝑅

𝑑{𝜑, 𝑧} ,

𝜙 𝑅

𝜏 {T,F}cog =
{360 , 𝐿}

LCM(𝑁s, 𝑁p) ,

𝐿 𝑁s

𝑁p

𝑁p

𝑁p

𝜏Tcog =
360

LCM(6, 10) = 12 ,

𝜏Fcog =
60mm

LCM(6, 8) = 2.5mm.

𝜑 𝑧

0.4W

−7.5mm 7.5mm
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100%

200%

SM

CM

DM

Force

Circum.
Acceleration

Axial Acceleration

Torque

𝜏Fcog

0.5W

𝑚load = 30 g 𝐼load = 6 × 10−6 kgm2



g 270 82 66

(×10−6kgm2) 57.5 15.35 12.54

N 35.9 7.1 7.0
Nm 0.3 0.11 0.081

m/s2 133 86.6 106.1
rad/s2 5217 7166 6459

30 %

𝑚load = 30 g 𝐼load = 6 × 10−6 kgm2

100 turns

0.4mm

1mm



Planar SM

Planar DS LiRA
Upper Stator
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Planar Stator



Planar SM Planar Stator
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mm 2.2mm

𝜏x = 𝜏y = 8mm

3.4mWb

3.3mWb

𝑦

𝑦

≈ 34 Wb

100

𝜓L(𝑦 (𝑡)) = 𝑁 Ψ̂L,y cos

(
𝜋

𝜏y
𝑦 (𝑡)

)
,

𝑁 Ψ̂L,y = 34 Wb

𝜏y = 8mm 𝑦
𝑦
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𝜓U (𝑦 (𝑡)) = 𝑁 Ψ̂U,y cos

(
𝜋

𝜏y
𝑦 (𝑡)

)
+𝜓U,offset (𝑥 (𝑡)) ,

Ψ̂U,y = 2.75 Wb 𝜓U,offset (𝑥 (𝑡))
𝑥 Ψ̂U,y

𝑦
𝑦

𝐸U/𝐸L = Ψ̂U,y/Ψ̂L,y ≈ 8.1 %
8.1 %

30%
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