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Abstract—In this study, the design space (DS) concept is refined
and utilized to design the output filter of a 10-kW, four-quadrant,
three-phase, switch-mode controllable AC power source (CPS).
The DS concept is based on the simultaneous consideration of mul-
tiple criteria that are derived from application-oriented specifica-
tions for the CPS regarding quality and transient response of the
output voltage, and limited reactive power demand of the output
filter. In this paper, the output filter of the studied CPS needs to
satisfy six different criteria, which, in the case of a single-stage
LC filter, leads to bounds on the values of L and C that can be
indicated by boundary curves in an L-C plane. The intersection
set of all boundary curves defines the DS, in which all six spec-
ifications can be fulfilled. For the considered requirements, it is
shown that the DS is empty for a single-stage LC filter, but exists
for a two-stage LC filter, which is therefore employed as an out-
put filter of the CPS. To fully exploit the 4D DS of the two-stage
LC filter, a multi objective optimization, resulting in the power
density–efficiency Pareto front, is performed to determine the most
compact and/or most efficient filter design among all possible fil-
ter realizations with parameters in the DS. From the outcome of
this optimization, the filter design with the highest power density
of 14.6 kW/dm3 (239 W/in3 ), for an efficiency of 99.4%, is
realized in hardware. Finally, all six specifications for the CPS are
successfully verified by experimental measurements.

Index Terms—Converter control, design space, LC output filter,
Pareto optimization, power source.

I. INTRODUCTION

FOR developing and testing power electronics equipment
and associated control strategies, controllable AC power

sources (CPSs), which have the capability to emulate certain
electrical characteristics, feature shorted durations of devel-
opment and test procedures, i.e., are saving costs and efforts.
Example applications of CPSs are motor emulators for testing
inverters [1]–[3] (also in combination with power hardware-
in-the-loop simulations [4]); grid emulators for testing utility
connected distributed generators [5]–[7], such as fuel cell based
systems [8] (this can include the testing of safety and protection
functions [9] and testing of the implemented control strategy,
which again can be done with hardware-in-the-loop simulations
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[10]); and grid emulators for optimizing the control scheme for
traction vehicles [11].

Such CPSs can basically be implemented with a linear (e.g.,
[12]) or a switch-mode power amplifier (e.g., [13]). To reduce
the weight and the volume, a switched system is preferred.

The output stage of the CPS considered in this paper is shown
in Fig. 1. As further explained in Section II, the system needs
to comply with specifications regarding qualities and transient
responses of all three output voltages vA ,out , vB ,out , and vC ,out
and needs to achieve the efficiency specified at the nominal
operating point (cf., Table I). Because the CPS actually is a
switch-mode power supply, the amplitudes of the harmonics in
the switched output voltages (e.g., vA0 in Fig. 1) need to be
attenuated by an output filter to comply with the given require-
ments. In the simplest case, the output filter is implemented as
a single-stage LC filter according to Fig. 2(a). The component
values used for the LC filter are restricted, not only in their
minimum values, to fulfill the output voltage quality require-
ments, but also in their maximum values, to satisfy the dynamic
specifications.

A literature survey reveals numerous publications on the de-
sign of the output filter with boundary conditions defined by
specifications, which typically deal with only one aspect, such
as conducted EMI [17]–[19], output voltage ripple [20], [21],
or current ripple [22]–[24]. For the case at hand, however, mul-
tiple requirements need to be satisfied. For this purpose, the
concept of the design space (DS), first employed in [25] to
design a single-stage LC filter for a 20-W synchronous buck
converter in order to comply with static and dynamic output
voltage regulation specifications, is considered most promising.
The DS concept is based on multiple criteria that are derived
from all dynamic and static specifications. In case of [25], these
criteria define bounds on the values of L and C, which can
be represented by boundary curves in an L-C plane. The in-
tersection set of all boundary curves builds the DS. Thus, the
strength of the DS approach is that all combinations of filter
parameter values that comply with all specifications are identi-
fied. Another publication related to the DS concept details the
implications of changing specifications and/or requirements on
the DS calculated for a 0.6-W buck converter including PWM
delays and filter resonances in voltage mode [26]. Both studies
[25], [26] are limited to single-stage LC filters and do not detail
any further optimization of the filter using the calculated DS,
e.g., with respect to power density or efficiency.

Subsequent to the identification of the DS, the filter can be
optimized, e.g., by means of multiobjective optimization with
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Fig. 1. Schematic of the three-phase plus neutral conductor output stage of the CPS considered in this paper including a two-stage LC output filter (cf., Fig. 2).
In case asymmetrical three-phase loads are supplied, a balancer circuit with elements S1 , S2 , and Lbal is necessary to achieve in average equal dc-link voltages
Vdc ,1 and Vdc ,2 [14].

TABLE I
ELECTRICAL SPECIFICATIONS OF THE POWER CONVERTER CONSIDERED FOR

THE REALIZATION OF A CPS

Nominal output power Pout,n 10 kW
Nominal rms output voltage VA,out,n (line to neutral) 230 V
Nominal peak output voltage VA,out,n,peak (line to neutral) 325 V
Max. peak output voltage VA,out,max,peak (line to neutral) 350 V
Nominal DC-link voltage Vdc,n = Vdc,1,n + Vdc,2,n 700 V
Max. DC-link voltage Vdc,max 800 V
Nominal rms output current IA,out,n 14.5 A
Nominal peak output current IA,out,n,peak 20.5 A
Output frequency fout 50 Hz
Output stage switching frequency fs ≤ 48 kHz
Nominal efficiency ηn ≥ 95%

To generate an output voltage with high dynamics in the range of
[±350 V], the DC-link voltage is increased from Vd c , n = 700 V to
Vd c , m a x = 800 V . Otherwise, Vd c , n is preferred to ensure a high ef-
ficiency of the CPS.

respect to maximal power density, maximal efficiency, and/or
minimal cost [27]. Two main approaches for multiobjective opti-
mization exist: aggregate function techniques, which summarize
all considered objective functions in a single objective function
(for this, the relative importance of all objective functions needs
to be known a priori) and Pareto front (PF) techniques, which do
not weight the different objectives in advance [28]. In the present
work, the PF method is used, since high power density and high
total efficiency are simultaneously desired and the relative im-
portance of the two objective functions is not a priori known.
Literature related to engineering specific multiobjective PF opti-
mizations commonly proposes the following three approaches:
first, heuristic genetic/evolutionary algorithms [28]–[30]; sec-
ond, algorithms with guaranteed convergence to the Pareto-
optimal solution [31]–[33]; and third, iterative grid search algo-
rithms with an appropriate discretization of the variables [34],
[35]. Because it is not guaranteed that the first category of heuris-
tic algorithms finds Pareto-optimal solutions [36], i.e., minimal
volume and/or maximum efficiency, the two latter categories are
favored. Among these, the grid search algorithm is selected due
to its numerical robustness and simplicity of implementation.

Remark: The DS concept is not limited to the design of LC
filters. In [37], for example, the ESRC-C DS of the output ca-
pacitor of a fast switching (530 kHz) 9-W buck converter is

calculated to meet constraints regarding the output voltage and
the peak-to-peak inductor current ripples for different operating
points. Furthermore, the DS concept is applied to controller de-
signs [38], [39], to outlay advanced digital low-pass filters [40],
to devise linear compensators [41], and to assess the proper
functioning of RAM memory cells [42].

In this study, a complete design procedure is proposed for a
two-stage LC output filter [45], which is based on the DS con-
cept and includes a final filter optimization with respect to power
density ρ, and/or efficiency η, using the ρ–η PF. Furthermore,
experimental results are presented. In the following, the require-
ments defined for the AC source output stage are described in
Section II. Section III discusses the implications of these spec-
ifications on the filter DS and details equations for the related
constraints, which confine the search domain in the parameter
space for any final filter design procedure. From all filter de-
signs with component values in the DS, the final output filter is
determined from a ρ–η PF analysis in Section IV. According
to the calculated results, a maximum power density of the filter
of 14.6 kW/dm3 (239 W/in3) and an efficiency of 99.4% can
be achieved with a two-stage approach with LDM ,1 = 154 μH,
CDM ,1 = 4.7 μF, LDM ,2 = 11.7 μH, and CDM ,2 = 4.1 μF. Fi-
nally, Section V verifies the calculated outcomes by means of
experimental results for this two-stage LC filter.

II. SPECIFICATIONS OF THE AC SOURCE

Fig. 1 depicts the output stage of the CPS, which is a four
quadrant three-phase plus neutral conductor, three-level, T-type
voltage source converter. The basic electrical specifications of
this power converter are listed in Table I; details are given in [46].
It is noted that the midpoint N of the DC-link acts as reference
point for the output voltage of the phases A, B, and C to pro-
vide an option for connection of a load star point, and to ensure
maximum flexibility of the output voltage generation and/or an
individual operation of the phases, which, however, requires
that the output filter is realized without any inductive elements
coupling the phases. Thus, the filter design considerations can be
limited to a single-phase equivalent circuit as given in Fig. 2(a).

For the investigated CPS, a switching frequency of 48 kHz
is selected to achieve the dynamic performance requirements,
and therefore, the IGBTs used in [46] are replaced by SiC
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Fig. 2. (a) Simplified single-phase equivalent circuit of the CPS for a single-stage LC output filter and (b) a two-stage LC output filter with a series RD ,2 LD ,2
damping branch of the second filter stage. The load is represented as a current source. In (b), the control scheme [43] employed in Section V is added to the
equivalent circuit. It consists of an outer voltage control loop for vA ,out , with feedforward of the reference voltage vref , an inner current control loop for iA0 ,
with feedforward of the load current iA ,out , and a sampling plus PWM delay compensation [44] to achieve a satisfactory control performance (cf., Section V).

TABLE II
REQUIRED PROPERTIES OF THE CPS

Output voltage quality THDv < 2.5% (cf., IEEE 1547 [15])
Output voltage slew rate SR ≥ 203 V/ms

Max. transient output voltage dip ΔvA , o u t due to a stepwise output current change Δ iA , o u t

∣
∣
∣
∣

ΔvA , o u t

Δ iA , o u t

∣
∣
∣
∣
≤ 28 V

5 A
= 5.6 Ω

Limited filter capacitor reactive power demand Q c a p , m a x ≤ 10% · P o u t , n
3 = 333 VA

Conducted EMI CISPR 11, Class A [16]

MOSFETs. Furthermore, only a constant output frequency is
considered, since the CPS is used for emulating a 50 Hz grid.
Table II lists additional requirements, which are summarized
below.

Output voltage quality requirements are differently speci-
fied for sinusoidal and arbitrary output voltage waveforms:
For sinusoidal output voltages, a total harmonic distortion of
THDv < 2.5% (cf., IEEE 1547, IEEE Standard for Intercon-
necting Distributed Resources with Electric Power Systems
[15]) is specified; for arbitrary output voltage waveforms, a
minimum average slew rate SRmin is defined. In this con-
text, the response of the converter to a reference voltage step
of Δvref = 10% · Vout,n,peak = 32.5 V is required to be com-
pleted after tstep = 160 μs [cf., Fig. 3(a)]. This requirement is
summarized using a minimum average slew rate1

SRmin =
10% · 325 V

160 μs
= 203 V/ms. (1)

Accordingly, with SRmin , the converter can generate a sinu-
soidal output voltage reference with a frequency of 1 kHz and
an amplitude of 32 V.2 With this, and according to the results of

1The definition of the average slew rate adopted in this paper is different from
the definition of the slew rate known from operational amplifiers (OpAmps).
For OpAmps, the slew rate is defined as the “maximum rate at which the
output voltage of the OpAmp can change,” i.e., (dv/dt)m ax , which is typically
determined for a full-scale large-signal input voltage step [47].

2The |dv/dt| of a sinusoidal function with amplitude Vsig and frequency fsig
is maximal at its zero crossings and can be calculated as 2 · π · fsig · Vsig , which
gives 201 V/ms for Vsig = 32 V and fsig = 1 kHz. Accordingly, to change
the output voltage by 32 V with an average rate of change of 201 V/ms leads

the derivation presented in Section III-A, a small-signal band-
width of the closed output voltage control loop of approximately
4 kHz is estimated, i.e., the CPS is capable of tracking a ref-
erence voltage which leads to an output voltage waveform that
does not exceed the slew rate specified in (1) and contains fre-
quency components up to 4 kHz.

An output voltage transient provoked by a step change of the
voltage reference, vref , generates also a bridge-leg output cur-
rent transient, which, depending on the output current, possibly
drives the converter in its current limitations. This would then
lead to a nonlinear behavior of the controlled converter, which
is undesired. Thus, for the slew rate calculation, it is assumed
that the CPS can always abruptly increase its output voltage by
32.5 V without running into its current limitation. This is exper-
imentally verified in Section V-A, where the required increase
of the bridge-leg output current is roughly 4A.

The maximum transient output voltage dip, ΔVA ,out,max , that
occurs due to a stepwise output current change ΔIA ,out can be
characterized by means of an impedance

Zstep,max =
∣
∣
∣
∣

ΔVA ,out,max

ΔIA ,out

∣
∣
∣
∣
. (2)

According to predefined requirements, ΔVA ,out must not exceed
28 V (8% of VA ,out,max,peak ) for ΔIA ,out = 5A, which yields
Zstep,max = 5.6 Ω [cf., Fig. 3(b)].

To limit the current stress on the components of the power
circuit, the maximum reactive power demand of all filter

to a required time interval of Δt = tstep = 32 V/201 V/ms = 159.2 μs ≈
160 μs.
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Fig. 3. (a) Visualization of the CPS’ output voltage dynamic behavior resulting for idealized control [thin gray line; basis for the slew rate calculation; cf., (5)] and
resulting for a real control (solid lines) and (b) illustration of the transient output voltage dip for a single-stage filter with LDM ,1 = 154 μH and CDM ,1 = 4.6 μF
in the case of ΔIA ,out = 7.2 A resulting for an uncontrolled (solid line) and controlled output voltage (dashed line). In (a), options I and II of the dynamic
behavior of vA ,out represent an underdamped and overdamped system, respectively. The voltage ripples are neglected for the depicted waveforms.

capacitors, |Qcap,max |, must not exceed 10% of the nominal
output power, Pout,n , at nominal operating conditions, i.e., at
Vout,n = 230 V and fout = 50 Hz.

For preventing a disturbance of sensitive loads supplied by the
CPS, the levels of conducted EMI noise emissions are restricted
according to CISPR 11, Class A, i.e., in the frequency range
between 150 kHz and 500 kHz, the conducted emissions need
to be less than 79 dBμV and between 500 kHz and 30 MHz less
than 73 dBμV [16].

III. DS CONSTRAINTS

In order to fulfill the requirements listed in Table II with the
described inverter, a single-stage LC output filter, as shown in
Fig. 2(a), could be considered at first. This output filter serves
as an accompanying example throughout this section, for which
the dimensioning based on the DS approach is subsequently
elaborated.

The parameters for the filter DS calculation include all pos-
sible values of all filter components and all possible values of
further inverter parameters, which are linked to the filter design,
e.g., the switching frequency fs . For a single-stage LC filter
four such parameters, i.e., LDM ,1 , CDM ,1 , fs , and Vdc , exist,
which are restricted by

LDM ,1 > 0, CDM ,1 > 0, fs > 0, and Vdc > 0. (3)

In the rest of this paper, the switching frequency fs is kept
constant at 48 kHz and the DC-link voltage is fixed to ei-
ther Vdc = 700 V or Vdc = 800 V for each requirement. Ac-
cordingly, a two-dimensional (2D) parameter space spanned by
LDM ,1 and CDM ,1 is obtained for the single-stage LC output
filter shown in Fig. 2(a).

The given CPS specifications and requirements (discussed
in Section II and listed in Tables I and II), however, impose
five restrictions on the values of LDM ,1 and/or CDM ,1 . The

calculation of the filter DS further includes a sixth constraint that
limits the peak-to-peak ripple of the bridge-leg output current to
prevent high-frequency winding and core losses in LDM ,1 . All
six constraints are detailed below.

It is to be noted that, in this paper, a constant output frequency
fout of 50 Hz is specified. If a generation of output frequencies
greater than 50 Hz would be required, a frequency-dependent
current derating of the CPS and/or one additional constraint
need to be considered. With these measures, the impacts of
increased reactive currents in the filter capacitors at higher out-
put frequencies on the current delivered by the power stage are
taken into account. In this context, the need for a high output
frequency accompanies the need for a high switching frequency:
it can be shown that in the case of a single-stage LC filter, the
ratio fs/fout needs to satisfy

fs

fout
=

π

4
ki/kv

Q/P
(4)

where ki denotes the ratio of maximum inductor current ripple
to peak output current, kv the ratio of maximum output voltage
ripple to peak output voltage, and Q/P denotes the specific
reactive power demand of the filter. With ki = 60%, kv = 2%,
and Q/P = 10%, the switching frequency needs to be at least
236 times the output frequency, or, for fs = 48 kHz, a maximum
output frequency of approximately 200 Hz results.

A. Output Voltage Slew Rate

According to Section II, the minimum average slew rate,
SRmin , that must be achieved with the output filter is equal
to 203 V/ms. This section derives the inequality for L and C
that corresponds to this slew rate requirement. To simplify the
analysis, idealized voltage control of the CPS is assumed, i.e.,
the controller applies the maximum possible voltage to the in-
put of the filter network until the required filter output voltage
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is obtained, such that the maximum possible rate of change of
the output voltage is achieved.

If an input voltage step ΔvA0 > 0 is applied to a single-stage
LC filter [cf., Figs. 1 and 2(a)], the current through the fil-
ter inductor increases and subsequently the capacitor voltage,
i.e., output voltage, starts to change as well. The presented re-
sult considers the response to a positive input voltage step (the
bridge-leg constantly applies +Vdc/2 until the output voltage
reaches its new reference value) and neglects the implication of
the changing capacitor voltage vA ,out on the inductor current
iA0 , which, for m := vA ,out/

Vd c
2 , gives

ΔvA ,out ≈
Vdc

4 · LDM ,1 · CDM ,1
· (1 − m) · Δt2 (5)

[thin gray line in Fig. 3(a)]. Accordingly, the idealized slew rate
is

SR0(ΔvA ,out) =

√

Δv2
A ,out

Δt2

=

√

Vdc

4 · LDM ,1 · CDM ,1
· (1 − m) · ΔvA ,out .

(6)

The slew rate decreases for increasing modulation index m,
since the voltage applied to the filter inductor decreases. Thus,
the minimum slew rate occurs for the maximum modulation
index (cf., Table I)3

mmax =
VA ,out,max,peak

Vdc,max/2
=

350 V
400 V

= 0.875. (7)

In a real system, the slew rate calculated with (6) may not be
achievable, in particular due to the time delay of the employed
pulse width modulator and the limited control bandwidth of the
closed output voltage control loop. The pulse width modula-
tor is operated with double update mode and, therefore, causes
a time delay of Td = 1/(2 · fs) = 10.4 μs. The limited band-
width of the closed voltage control loop is considered based
on the assumption that the required change of the output volt-
age, ΔvA ,out , is performed within the settling time tset > tr0
(cf., Fig. 3(a); for t ≥ tset , vA ,out remains in a ±5% tolerance
band of vA ,ref ) and that tset/tr0 ≈ 2 applies, which is justified
based on a comparison of the dynamic characteristic of the CPS
[43] with a second-order low-pass filter with a damping ratio of
0.6 ≤ ζ ≤ 1.2. The solid black lines in Fig. 3(a), labeled I and II,
denote the expected output voltage transients of the controlled
system for ζ = 0.6 (underdamped) and ζ = 1.2 (overdamped),
respectively, and include the time delay Td . With this, the ef-
fective slew rate in the presence of closed-loop voltage control,
SR [dashed line in Fig. 3(a)], can be related to the required rise
time of the filter, tr0 , as

SR =
ΔvA ,out

Td + tset
≈ ΔvA ,out

Td + 2 · tr0
= 203 V/ms (8)

3mm ax is obtained for vA ,out (t) = VA ,out ,m ax ,p eak and Vdc = Vdc ,m ax ,
since the CPS’ dc-link voltage is increased to Vdc = 800 V in case an output
voltage in the range of [±350 V] must be generated with a high dynamic.

which, for ΔvA ,out = 10% · 325 V = 32.5 V [cf., (1) in
Section II], yields

tr0 =
1
2
·
(

ΔvA ,out

SR
− Td

)

≈ 75 μs. (9)

Thus, the filter is required to realize an idealized slew rate, SR0
[cf., (6) for Δt = tr0], of

SR0 =
ΔvA ,out

tr0
≈ 434 V/ms. (10)

Furthermore, (9) allows for the estimation of the achievable
small-signal bandwidth of the closed voltage control loop, fc ,
according to [48],

fc ≈
1.8

2 · π · tr0
≈ 4 kHz. (11)

Suitable values of LDM ,1 and CDM ,1 , achieving the required
minimum attainable filter slew rate, can be found with (6), (7),
and (10) considering

SR0 = 434 V/ms ≤
√

Vdc

4 · LDM ,1 · CDM ,1
· 1
8
· 32.5 V. (12)

Fig. 4 depicts the values of the maximum allowable filter induc-
tances LDM ,1 that result for solving (12) for LDM ,1 , i.e.,

LDM ,1 ≤ Vdc

4 · CDM ,1
· 32.5 V
8 · (434 V/ms)2 = LDM ,1,max (13)

for 1 μF ≤ CDM ,1 ≤ 30 μF (gray-dashed line with label “Out.
voltage slew rate”). The arrow points into the area where (12)
is fulfilled. LDM ,1,max is directly proportional to the DC-link
voltage Vdc and inversely proportional to the filter capacitance
CDM ,1 .

An accurate value [instead of the simplified expression (6)]
for the filter slew rate SR can be calculated with a numeri-
cal solver, by means of Laplace transformation. Fig. 4 com-
pares LDM ,1,max obtained with the simplified [cf., (12), label
“Approx.”] and the accurate expressions [label “Exact”], respec-
tively. The difference between the two lines results from the fact
that the approximation assumes a constant voltage difference of
(1 − m) · Vdc/2 across the inductor LDM ,1 during the entire
time interval Δt. In the real system, however, the voltage across
LDM ,1 reduces when the output voltage vA ,out increases. In this
example, the approximation leads to a mean relative error of
14%. For the DS of the two-stage LC filter (cf., Fig. 6), no sim-
plified expressions are used and solely the accurate calculation
based on the Laplace transformation is considered.

B. Transient Output Voltage Dip

A stepwise change in the output current of ΔIA ,out leads to a
transient in the output voltage vA ,out , which, in the end, is com-
pensated by the control of the CPS [controlled LC filter, dashed
line in Fig. 3(b)]. However, due to the discrete-time control of
the CPS, the compensating action of the control occurs with a
time delay. Thus, the height of the voltage dip ΔVA ,out is in a
first approximation only determined by the LC filter elements,
i.e., the control does not reduce the voltage dip significantly
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Fig. 4. DS of a single-stage LC filter [cf., Fig. 2(a)], which leads to an
empty DS because the compliance with CISPR 11, Class A (boundary depicted
in the upper right corner) does not permit to achieve the required slew rate of
203 V/ms. Each arrow points toward the area where the corresponding require-
ment can be met. The black lines are obtained from the accurate computations
and the gray lines result from the approximate expressions.

[cf., Fig. 3(b)] as also experimentally verified in Section V-B
for the final realized filter design. Accordingly, ΔVA ,out is di-
rectly obtained from

ΔVA ,out = ΔIA ,out ·
√

LDM ,1

CDM ,1
= ΔIA ,out · Zstep (14)

[uncontrolled single-stage LC filter; cf., Fig. 3(b)]. Thus, to
fulfill the requirements specified in Section III-A, the DS is
constrained according to

Zstep =

√

LDM ,1

CDM ,1
≤ Zstep,max = 5.6 Ω (15)

or the maximum allowable inductance LDM ,1 is limited accord-
ing to

LDM ,1 ≤ CDM ,1 · (5.6 Ω)2 = LDM ,1,max . (16)

In case of a more advanced filter structure, e.g., a two-stage LC
filter (cf., Fig. 6), no closed-form solution for Zstep is available
and Zstep is rather determined numerically in the time domain
for an output current step of height ΔIA ,out occurring at t = t0

ΔVA ,out = VA ,out,0 − min [vout(t)]
∣
∣
t > t0

Zstep =
ΔVA ,out

ΔIA ,out
. (17)

For the approximate assumption of negligible influence of the
control on ΔVA ,out , the actual value of the initial output voltage
VA ,out,0 has no effect on the value of Zstep due to the linear
nature of the two-stage filter. Due to the same reason, any step
amplitude ΔIA ,out > 0 can be selected.

It is noted from (16) that the maximum allowable in-
ductance LDM ,1,max is directly proportional to CDM ,1 .
LDM ,1,max (CDM ,1) is plotted in Fig. 4, based on the relation

(16) and (17), respectively. The approximated and the exactly
calculated results fit nicely.

C. Bridge-Leg Output Current Ripple

Provided that the output voltage ripple at the switching fre-
quency is negligible, a triangular inductor current ripple results
and the respective peak-to-peak ripple value is equal to

ΔIA0 =
m · (1 − m) · Vdc

2 · LDM ,1 · fs
≤

m=0.5

Vdc

8 · LDM ,1 · fs

≤ 60% · IA ,out,n,peak = 12.3 A. (18)

A maximum peak-to-peak inductor current ripple of 12.3 A
(±30% · IA ,out,n,peak) is defined for Vdc = Vdc,n = 700 V as
compromise between the volume of LDM ,1 (and hence the
size of the filter), the high-frequency copper and core losses
in LDM ,1 , and the achievable measurement accuracy when sam-
pling the bridge-leg output current close to its average value
[45].

Expression (18) can be rearranged for LDM ,1

LDM ,1 ≥ Vdc

98.4 A · fs
= LDM ,1,max (19)

i.e., the minimum allowable LDM ,1 is proportional to the DC-
link voltage Vdc , inversely proportional to the switching fre-
quency fs , and independent of CDM ,1 . For more complex filter
topologies, the value of ΔIA0 is calculated numerically in order
to consider the voltage ripple across CDM ,1 at the switching
frequency. The result of this accurate calculation is also given
in Fig. 4; only marginal differences between the simplified (19)
and the accurate expressions result for practical filter component
values.

D. Output Voltage Ripple

At the nominal rms output voltage vA ,out = VA ,out,n =
230 V, fout = 50 Hz, and Vdc = 800 V, the output voltage dis-
tortion remains within the specified limit of THDv < 2.5% (cf.,
IEEE 1547 [15]), if the peak-to-peak ripple ΔVA ,out is lower
than 22.8 V. With the triangular inductor current given by (18),
ΔVA ,out becomes

ΔVA ,out =
m · (1 − m) · Vdc

16 · LDM ,1 · CDM ,1 · f 2
s

≤
m=0.5

Vdc

64 · LDM ,1 · CDM ,1 · f 2
s
≤ 22.8 V (20)

which yields the inequality

LDM ,1 ≥ Vdc

1457.2 V · CDM ,1 · f 2
s

= LDM ,1,min . (21)

From the derived relation, it can be seen that the value of LDM ,1
has to be increased with the DC-link voltage Vdc and could be
reduced for higher capacitances CDM ,1 . Furthermore, there is
a quadratic dependence on the switching frequency fs , as the
impedance of LDM ,1 increases and the impedance of CDM ,1
decreases linearly with fs . For the two-stage filter topology (cf.,
Fig. 6), the value of ΔvA ,out is only calculated numerically. The
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Fig. 5. Equivalent circuit used to model the emitted conducted DM noise of the CPS. The model includes the noise source vA0 , the output filter, the LISN, and
the test receiver. In the “postprocessing” block, the spectral components of vA ,LISN (vA0 has edges with infinite slope) are computed and the worst case output
values of the EMI test receiver with quasi-peak detector are estimated according to [49, eq. (9)].

numerical computation of LDM ,1,min and its approximation by
(21) agree well and are depicted in Fig. 4.

E. Capacitive Reactive Power

The reactive power demand caused by the filter capacitor of
a phase at the output frequency fout is given by

|Qcap | = 2 · π · fout · CDM ,1 · V 2
A ,out,n ≤ |Qcap,max |

=
1kVA

3
(22)

(|Qcap,max | = 10% · Pout,n ). Thus, for CDM ,1 , the inequality

CDM ,1 ≤ |Qcap,max |
2 · π · fout · V 2

A ,out,n
= CDM ,1,max (23)

applies, which is independent of LDM ,1 . CDM ,1,max is shown
in Fig. 4. In the case of the two-stage filter, the value of CDM ,1
in (23) is replaced by the sum of all DM filter capacitors that
belong to the considered phase A, i.e., CDM ,1 and k · CDM ,1
(cf., Fig. 6).

F. Limits of Conducted EMI

This criterion compares the emitted levels of conducted
differential-mode (DM) EMI to the maximum levels allowed
for the CISPR 11 norm, Class A. Fig. 5 depicts the noise source
model that is employed to calculate the EMI emission: it consists
of a voltage source vA0(t), with edges of infinite slope, repre-
senting the inverter stage, the EMI filter, the line impedance
stabilization network (LISN), and the test receiver. Only DM
EMI noise is considered as the star point of the three-phase
filter is connected to the DC-link voltage center point. A mar-
gin of 15 dB is included in the design of the filter to ensure
that any common-mode (CM) emissions (resulting, e.g., from
parasitic capacitive coupling of the power transistors to ground
[50]) could also be accommodated in the limits of the CISPR
11 norm.4 The EMI noise voltage is calculated based on the
approach presented in [49], which employs a worst case estima-
tion.

G. Discussion

Fig. 4 shows the DS which is obtained for a single-stage
LC output filter excluding the compliance with CISPR 11,
Class A: for CDM ,1 ranging from 5 to 20 μF, all selected criteria

4If required, the model could be extended with respect to CM EMI noise
using the approach presented in [51] and [52].

Fig. 6. DS for a two-stage LC output filter [cf., Fig. 2(b)] for n =
LDM ,2 /LDM ,1 = 0.076 and k = CDM ,2 /CDM ,1 = 0.9, as resulting from
the optimization in Section IV-B (cf., Table III).

can be satisfied. However, as clearly visible, the DS is empty
if the EMI requirement should also be fulfilled. To obtain the
required attenuation of conducted noise, increased values of
LDM ,1 and CDM ,1 would be required, which would not allow to
fulfill the slew rate requirement.

Options to overcome this issue are presented in [45]. There,
adding an LC stage to the single-stage filter, i.e., employing
a two-stage LC output filter [cf., Fig. 2(b)], is identified to
be most effective with respect to cost, construction volume,
and efficiency. For defining the two-stage LC output filter, two
variables, n and k, are introduced

n :=
LDM ,2

LDM ,1
, k :=

CDM ,2

CDM ,1
. (24)

With LDM ,1 , CDM ,1 , n, and k, a four-dimensional (4D) param-
eter space results.5 To obtain a clear illustration of the DS, it is
depicted in the CDM ,1–LDM ,1 plane for fixed n and k values
as shown in Fig. 6 for n = 0.076 and k = 0.9. (The calcula-
tion of the DS illustrated in Fig. 6 is based on exact numerical
computations of the different requirements as explained above.)
According to Fig. 6, in the case of a two-stage LC filter ap-
proach, dedicated values of LDM ,1 , CDM ,1 , n, and k exist with

5For given LDM ,2 = n · LDM ,1 and CDM ,2 = k · CDM ,1 the values of the
damping components LD ,2 and RD ,2 are determined according to (25). Thus,
LD ,2 and RD ,2 do not represent free parameters in this paper.
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which all requirements can be simultaneously fulfilled. The de-
termination of n and k is detailed in Section IV-B.

According to [53], the second LC filter stage is passively
damped with a serial RL-branch. The optimal value RD ,2,opt
of the damping resistor RD ,2 for a given damping inductance
LD ,2 is computed such that the filter input-to-output transfer
function leads to the smallest resonance gain Arr , in contrast to
[54], where RD ,2 is calculated to result in the minimal peak of
the filter output impedance. For the filter design

a =
LD ,2

LDM ,2
= 2, and

RD ,2 = RD ,2,opt =

√

LDM ,2

CDM ,2
· 2 · a√

2 · a2 + 6 · a + 4
(25)

are used to obtain a maximum Arr of 6 dB. With Arr = 6 dB,
the second filter stage is of approximate Chebyshev type (with
ripple factor ε = 0.12 [55]).

IV. TWO-STAGE FILTER DESIGN

The different criteria detailed in Section III constrain the DS
of the two-stage LC output filter as, for example, shown in
Fig. 6. However, in order to facilitate the realization of the most
suitable output filter for the CPS, within the DS, an appropriate
selection procedure has to be defined. In this study, a multi-
objective filter optimization, based on the ρ–η PF [35], is con-
ducted for the two-stage LC output filter depicted in Fig. 2(b).
The loss and volume models needed for this optimization are
summarized in Section IV-A. Section IV-B details the optimiza-
tion procedure and discusses the calculated optimization results.

A. Losses and Volumes of Inductors and Capacitors

The inductor losses comprise copper and core losses. The
calculation of the copper losses considers DC and AC losses
(by reason of skin and proximity effects), which, for LDM ,1 , are
computed with

Pcu = Rdc · I2
A ,out,n +

Im ≥ 5% ·I1∑

m=1

Rac,m · I2
m (26)

where Im is the rms value of the mth harmonic of the inductor
current ripple. Rdc and Rac,m are calculated according to [56],
[57] for a temperature of 100 ◦C. Equation (26) considers all
harmonics with an rms value larger than or equal to 5% of the
rms value I1 of the first harmonic. The calculations of the current
ripples for the inductors of the second filter stage [cf., Fig. 2(b)]
are based on the simplifying assumption that the high-frequency
AC components of the current through LDM ,1 , iA0,ripple(t), can
be represented by a single harmonic at the switching frequency
with an rms value of

iA0,ripple,rms =

√

1
Ts

·
∫ T s

0
iA0,ripple(t)2 · dt

=
m=0.5

Vdc,max√
3 · 16 · LDM ,1 · fs

. (27)

The current ripples through LDM ,2 and LD ,2 are then computed
based on iA0,ripple,rms and employing linear network analysis.

To realize the winding of the inductors, enameled copper
wires are considered, because for the case at hand, enameled
wire leads to lower ohmic losses compared to litz wire due to
the greater achievable winding area filling factor [17].

The core losses Pfe are calculated with the improved gener-
alized Steinmetz equation (iGSE) according to [57], [58]. The
Steinmetz parameters k, α, and β, needed for evaluating the
iGSE, are given at a core temperature of 100 ◦C in [59] and
[60] for the selected ferrite (N27 and N87 materials) E-cores
from TDK EPCOS [61] to realize the inductors. Ferrite cores
are utilized because of lower cost compared to nanocrystalline
cores and due to a constant inductance over current compared
to powder cores.

The evaluation of the copper and core losses requires the
bridge-leg output current, iA0,ripple(t), and the flux density in
the core, B(t), which are computed for the following worst case
conditions:

max. DC-link voltage: Vdc = Vdc,max = 800 V,

DC output current: IA ,out = 17 A,

modulation index: m = vA ,out/
Vdc,max

2
= 0.5,

→ DC out. voltage: vA ,out = 200 V.

(28)

The modulation index m = 0.5 leads to the maximum cur-
rent ripple ΔIA0 (cf., Section III-C) and thus also to the
maximum flux density ripple ΔB, which results in the max-
imum core losses according to the iGSE. To compute the cur-
rent ripple ΔIA0 through LDM ,1 , the voltage across CDM ,1
is assumed constant over one switching period Ts . The cur-
rent is increased from the nominal value IA ,out,n = 14.5 A
to IA ,out = 17 A for the following reason. One application of
the CPS could be the emulation of a low voltage mains (e.g.,
230 V/400 V). The tolerance of the mains voltage is according
to [62] (IEC standard voltages) +10%/ − 14%. Thus, to sup-
ply a load with PA ,out,n = 3.3 kW for an emulated rms mains
voltage of 230 V · (1 − 0.14) = 198 V leads to a rms current of
IA ,out = 16.7 A ≈ 17 A.

Finally, to verify that the calculated winding losses Pcu and
core losses Pfe do not lead to excessive temperature rises in the
inductor, the maximum temperature TL,max of the inductor is
approximated with

TL,max = Rth · (Pfe + Pcu) + 40 ◦C (29)

assuming an ambient temperature of 40 ◦C. The thermal resis-
tance Rth is calculated with the empirical relation given in [63,
Fig. 2] for E-cores

Rth =
(

53 ·
(

Veff [cm3]
)−0.54

) K
W

(30)
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Fig. 7. Flowchart to compute the ρ–η PF for a two-stage LC output filter [cf., Fig. 2(b)].

where Veff is the effective core volume.6 Inductor designs which
exceed TL,max = 100 ◦C are excluded from the Pareto optimiza-
tion explained in the next section.

The boxed volume of the inductor is calculated with the di-
mensions of the core and the estimated dimensions of the wind-
ing heads (including the bobbin dimensions) [61].

The capacitors of the output filter are realized with X2/305 V
rated MKP (polypropylene) film capacitors from EPCOS [64].
Their dielectric losses are negligible compared to the inductor
losses. The boxed volume of the capacitor with capacitance
CDM ,i (i = 1, 2) is estimated with

VCD M , i , b ox e d = 4.15
cm3

μF
· CDM ,i [μF ] + 1.54 cm3 . (31)

This is a fit to the boxed volumes computed for the capaci-
tors with a lead spacing of 27.5 mm given in [64], which are
considered to be most suitable for the investigated output filter.

6Relation (30) is experimentally derived generating only winding losses in
the components. However, as stated in [63, Remark 2, Sec. 2], the same relation
was found while heating the core with only core losses.

B. Filter Design and Optimization

The loss and volume models are employed to compute the
ρ–η PF of the two-stage LC filter [cf., Fig. 2(b)] based on the
4D DS with design variables LDM ,1 , CDM ,1 , n, and k (detailed
in Section III-G). Fig. 7 depicts the flowchart of the optimiza-
tion procedure. In a first step, the different criteria for the CPS
derived in Section III are evaluated for high numbers of values
of LDM ,1 , CDM ,1 , n, and k (box ©1 in Fig. 7). In order to achieve
a constant relative (percentaged) change between adjacent val-
ues of inductances and capacitances, i.e., LDM ,1,i+1/LDM ,1,i =
const. and CDM ,1,j+1/CDM ,1,j = const., geometric series are
selected

LDM ,1,i = LDM ,1,min · 10
i

4 8 ,

LDM ,1,min = 100 μH, 0 ≤ i ≤ 32, i ∈ N0

CDM ,1,j = CDM ,1,min · 10
j

1 2 ,

CDM ,1,min = 1μF, 0 ≤ j ≤ 16, j ∈ N0 . (32)



BOILLAT et al.: DESIGN SPACE ANALYSIS AND ρ–η PARETO OPTIMIZATION OF LC OUTPUT FILTERS FOR SWITCH-MODE AC POWER 6915

Fig. 8. (a) Exemplary ρ–η PF for inductor LDM ,1 to achieve an inductance of 205 μH. (b) Exemplary ρ–η PF of the whole filter for one arbitrary selected filter
design in the DS with parameters LDM ,1 = 205 μH, CDM ,1 = 6.5 μF, n = 0.076, and k = 0.9. The PF of the filter is calculated based on the three inductor
PFs for LDM ,1 , LDM ,2 , and LD ,2 .

With this, LDM ,1,i and CDM ,1,j are selected according to the
commonly known E48 and E12 series of preferred values, re-
spectively [65] (also known from the partitioning of ohmic val-
ues of commercially available resistors). Furthermore, a com-
parably high resolution is used for the inductors, due to the
possibility of tuning inductances by altering the lengths of the
air gap, and a reduced resolution is considered for the capaci-
tances, on the basis of available capacitance values. The values
of n and k are selected based on linear distributions

n ∈ [0.005, 0.15], nstep = 0.005,

k ∈ [0.1, 4], kstep = 0.05. (33)

In total 33 × 17 × 30 × 79 ≈ 1.3 million points result.7

It is noted that the filter components have tolerances, which,
however, are not considered in the presented computation be-
cause the focus is on the derivation of the DS and the ρ–η Pareto
optimization.8 The impact of these tolerances on the DS are elab-
orated in the Appendix. If required, these implications can be
included for a given confidence interval by means of worst case
assumptions. The particular combination of component values
that leads to the worst case, however, needs to be determined
separately for each considered criterion that confines the DS.

The 4D DS is calculated for the inductances and capacitances
given with (32) and (33), which, for this particular application,
results in 40 512 different quadruples of (LDM ,1 , CDM ,1 , n, k),
which fulfill all criteria (box ©2 in Fig. 7).

In a second step, the ρ–η PF of the two-stage LC filter is
calculated for the previously computed 4D DS. The approach

7It is remarked that different discretizations of LDM ,1 , CDM ,1 , n, and k
can be used, based on particular needs, e.g., based on available or preferred
component values.

8The final components could be selected carefully such that the measured
and calculated component values fit closely (cf., Table III).

behind the PF computation is detailed for an arbitrary point in
the middle of the DS given by

LDM ,1 = 205 μH, CDM ,1 = 6.5 μF, n = 0.076, and k = 0.9
(34)

leading to LD ,2 = 31.2 μH and RD ,2 = 1.33 Ω [cf., (25), Fig. 6,
and ©3 in Fig. 7].

For this exemplary point in the DS, all filter capacitors
are selected and all inductors are designed. It is assumed
that capacitors with capacitance values of CDM ,1 = 6.5 μF
and CDM ,2 = k · CDM ,1 = 5.9 μF exist and thus the volumes
VCD M , 1 and VCD M , 2 of CDM ,1 and CDM ,2 are calculated with
(31) [©4 in Fig. 7]. The inductors are designed with a dedicated
design procedure, which considers 30 different ferrite E-cores
from EPCOS [61], up to five stacked cores, up to Nmax turns, and
wire diameters ranging from 0.1 mm to dwire,max with a step
size of dwire,step = 0.1 mm. The maximum number of turns
Nmax is determined such that the maximum air gap length, in-
dicated in the data sheet for each core [61], is not exceeded and
dwire,max is calculated based on the core and bobbin dimensions
in order to fit the winding into the available volume.

This results in 5 848 suitable designs for LDM ,1 , 13 237 suit-
able designs for LDM ,2 , and 13 899 suitable designs for LD ,2 ,
obtaining also the losses PLD M , 1 , PLD M , 2 , and PLD , 2 and vol-
umes VLD M , 1 , VLD M , 2 , and VLD , 2 of LDM ,1 , LDM ,2 , and LD ,2
for all designs as explained in Section IV-A.

To get each and every possible two-stage LC filter realization,
all suitable inductor designs for LDM ,1 , LDM ,2 , and LD ,2 need
to be combined with each other, leading to 108 × 1010 filter
realization options. An effective reduction of the number of dif-
ferent filter realizations is achieved if only the inductor designs
are considered that give a high power density and/or efficiency.
The corresponding inductor designs are directly obtained by
taking those design results that form the PF in the respective
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TABLE III
TWO-STAGE LC OUTPUT FILTER [CF., FIG. 2(B)] DESIGN RESULTING FROM THE ρ–η PARETO OPTIMIZATION (CF., FIGS. 7 AND 9) AND ITS HARDWARE

REALIZATION (CF., SECTION IV-A)

Component Result from the Calculated Hardware Realization Measured Value∗ Measured
Pareto Optimization Boxed Volume at 48 kHz Boxed Volume

LD M , 1 154 μH 146.8 cm3 4 × 2× E 47/20/16 (ferrite N87, EPCOS) 154.2 μH 157.3 cm3

N = 13, ∅c u = 2.5 mm , da i r = 1.83 mm
CD M ,1 4.6 μF 20.6 cm3 4.7 μFra t e d ||0.68 μFra t e d X2/305Vrm s AC 4.7 μF 24.0 cm3

B32924C3475M and B32923C3684M (MKP, EPCOS)
LD M , 2 11.6 μH 9.4 cm3 3 × 2× E 20/10/6 (ferrite N27, EPCOS) 11.7 μH 10.2 cm3

N = 8, ∅c u = 1.4 mm , da i r = 1.03 mm
CD M , 2 4.1 μF 18.7 cm3 4.7 μFra t e d X2/305 Vrm s AC 4.1 μF 17.9 cm3

B32924C3475M (MKP, EPCOS)
LD, 2 23.1 μH 16.6 cm3 2 × 2× E 25/13/7 (ferrite N27, EPOCS) 22.4 μH 19.4 cm3

N = 14, ∅c u = 1.8 mm , da i r = 1.78 mm
RD, 2 1.36 Ω Neglected 2.67 Ω ||2.7 Ω = 1.34 Ω 1.34 Ω 0.01 cm3

Thick film 2512 SMD 1W resistors

∗ Measured with the Agilent impedance analyzer 4294A (40 Hz — 110 MHz) and without pre-magnetization for the inductors and DC voltage offset for
the capacitors.

ρ–η plane; cf., Fig. 8(a) for LDM ,1 [©5 and ©6 in Fig. 7].9 An
inductor design with ρj and ηj is on the PF if its ηj is greater
than the efficiencies η of all other designs with a higher power
density ρ > ρj .

To find filter realizations with minimal volume (→ maxi-
mum power density) for a given efficiency and/or with mini-
mum losses (→ maximum efficiency) for a given volume, only
the inductor designs on the corresponding inductor PF can be
considered, because the inductor designs for given inductance
values LDM ,1 , LDM ,2 , and LD ,2 are independent from each
other, and the losses and volumes are strictly greater than zero,
i.e. PLD M , 1 > 0, PLD M , 2 > 0, and PLD , 2 > 0 and VLD M , 1 > 0,
VLD M , 2 > 0, and VLD , 2 > 0. Therefore, only 46 designs on the
inductor PF are considered for LDM ,1 , 51 for LDM ,2 , and 51
for LD ,2 , resulting in 46 × 51 × 51 = 119 646 two-stage fil-
ter realizations [gray points in Fig. 8(b)]. The power density
ρq and efficiency ηq of a filter design q can be computed
according to

ρq =
PA ,out,n

VLD M , 1 ,q + VCD M , 1 ,q + VLD M , 2 ,q + VCD M , 2 ,q + VLD , 2 ,q

ηq =
PA ,out,n

PA ,out,n +
(

PLD M , 1 ,q + PLD M , 2 ,q + PLD , 2 ,q + PRD , 2 ,q

)

(35)

where PA ,out,n is equal to 10 kW/3 and PRD , 2 ,q denote the
losses of the damping resistor RD ,2 . To further reduce the
number of filter realizations of the selected point in the DS
(LDM ,1 = 205 μH, CDM ,1 = 6.5 μF, n = 0.076, and k = 0.9),
again, only the resulting filter ρ–η PF as depicted in Fig. 8(b),
consisting of 559 points, is taken and stored [©7 in Fig. 7].

As explained for the selected quadruple [cf., (34)], the filter
PF for each quadruple in the DS is computed in the same manner,
and the final ρ–η PF of the two-stage LC output filter, as shown
in Fig. 9 (black points), can be calculated from the filter PFs [©8

9Because the voltage across CDM ,1 is assumed to be constant, the inductor
PFs for all inductance values of LDM ,1 are only computed once and stored in
a lookup table (cf., Fig. 7).

Fig. 9. Result of the ρ–η Pareto optimization for a two-stage LC output filter
[cf., Fig. 2(b)] in its 4D DS [cf., Fig. 7] resulting in the filter PF. The final
design (cf., Table III) is indicated and achieves a calculated power density of
15.7 kW/dm3 (257 W/in3 ) for an efficiency of 99.4%. Compared to the ini-
tially considered arbitrary point in the DS [cf., (34)] leading to 12.8 kW/dm3

for the same efficiency of 99.4% [cf., Fig. 8(b)], the design on the filter PF
shows a 18% higher power density.

in Fig. 7]. From all designs on this final filter PF, the filter design
with the highest power density of ρ = 15.7 kW/dm3 still has a
reasonable high efficiency of η = 99.4% and hence is selected
and realized as summarized in Table III.

It is noted that the presented ρ–η PF calculation for the two-
stage LC filter could be extended, in the same way as dis-
cussed in this section, also to LC filters with a higher number of
stages.

V. EXPERIMENTAL RESULTS

To validate the proposed filter design approach for the selected
two-stage LC output filter (cf., Table III), the compliance to the
six requirements defined in Section III is verified (cf., Table IV).
According to Table IV, all requirements can be fulfilled and the
numerical calculations closely fit with the measured results. In
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TABLE IV
COMPARISON BETWEEN THE CALCULATED AND MEASURED PERFORMANCE INDEXES AS DEFINED IN SECTION III (CF., TABLE II) FOR THE ρ–η PARETO OPTIMIZED

AND REALIZED TWO-STAGE LC OUTPUT FILTER [CF., FIG. 2(B)] WITH THE MEASURED VALUES AS GIVEN IN TABLE III

Requirement Required Min./Max. Value Calculated Value Measured Value

Output voltage slew rate SR (cf., Section III-A) min. 203 V/ms 322 V/ms 324 V/ms
Transient output voltage dip → Z s t e p (cf., Section III-B) max. 5.6 Ω 4.7 Ω 4.2 Ω
Bridge-leg current ripple Δ iA 0 (cf., Section III-C) max. 12.3 A 12.0 A 12.2 A
Output voltage ripple ΔvA , o u t (cf., Section III-D) max. 22.8 V 2.5 V 2.6 V
Capacitive reactive power Q c a p (cf., Section III-E) max. 333 VA 147 VA 146 VA∗

Conducted EMI limit (cf., Section III-F) max. 79 dBμV(f < 500 kHz) 62.4 dBμV @ 192 kHz 57.1 dBμV @ 192 kHz

∗ This value is calculated with (230 V)2 / |Z o u t | based on the measured output impedance Z o u t = 363 Ω · e−j ·8 9 . 9 7 ◦ at fo u t = 50 Hz with the input
of the filter being open.

this context, it should again be noted that a margin of 15 dB
is included in the filter design to ensure a very low EMI noise
level of the generated output voltage.

As can be seen by comparing columns three and six of
Table IV, the boxed volumes of the built inductors LDM ,1 ,
LDM ,2 , and LD ,2 are 7%, 8%, and 14% larger than the cal-
culated ones, resulting in a measured power density of ρmeas =
14.6 kW/dm3 (239 W/in3) instead of ρ = 15.7 kW/dm3

(257 W/in3) [deviation of 7%]. The main reason is that each
turn, with the wires of the selected wire diameters, requires a
certain radius of curvature to be wound around the middle leg
of the E-core.

To measure accurately the total losses of the output fil-
ter for the conditions given in (28), i.e., IA ,out = 17 A and
VA ,out = 200 V for Vdc = Vdc,max = 800 V, resulting in a mod-
ulation index of m = 0.5 and/or the maximum peak-to-peak
bridge-leg output current ripple, the DC losses were mea-
sured separately from the AC losses. DC losses of 13.0 W
were measured in the thermal equilibrium for a DC current
IA0 = IA ,out = 17 A. The measured value results from the mul-
tiplication of the measured DC voltage and DC current at the
input of the filter for a shorted output. The voltage and the cur-
rent were measured with Multimeters Fluke 189, which leads
to an error of 1% [66] for the DC power (loss) measurement.
The calculated DC losses of 12.8 W agree with the measured
value (deviation of 2%). On the other hand, AC losses of 5.3 W
were measured with a Yokogawa WT3000 power analyzer for
no load, VA ,out = 200 V, and Vdc = Vdc,max = 800 V, and just
after the entire filter was operated in the thermal equilibrium
under the conditions of (28), in order to measure the losses
for component temperatures corresponding to the mentioned
conditions. According to the data sheet of the power analyzer
[67], the error of this measurement is 11%. A comparison
to the calculated value of 6.6 W reveals that the calculation
overestimates the AC losses by 20%. Accordingly, the total
measured losses of the filter are 13.0 W + 5.3 W = 18.3 W
(measurement error of ±4%), which is in good agreement with
the calculated losses of 12.8 W + 6.6 W = 19.4 W (deviation
of 6%). Thus, the calculated and measured efficiencies are
both 99.4%.

Moreover, the measured (black line) and calculated (gray
lines) input to output transfer function (vA ,out/vA0) of the real-
ized two-stage LC filter with series RL damping branch of the
second stage, is depicted in Fig. 10, showing a good agreement

Fig. 10. Measured (black dashed line) and calculated (gray lines) input to
output transfer function of the realized two-stage LC filter with a series RL
damping branch of the second stage (cf., Table III). It is remarked that the first
resonance peak at 4.2 kHz is actively attenuated by the current control loop [cf.,
Fig. 2(b)] and that the second resonance peak at 27 kHz is passively damped by
the serial RL branch. For the dashed gray line ideal components are assumed,
whereas for the solid gray line the parasitic capacitances and inductances of
the inductors and capacitors (determined by separate measurements) are in-
cluded. The measurement was conducted with a Bode 100 network analyzer
(Omicron Lab, [68]) and shows a good agreement with the calculation until
100 kHz, where the noise floor of the measurement device is reached (specified
as −100 dB in [68]).

until 100 kHz, where the noise floor of the measurement device
is reached for attenuations higher than 100 dB.

It is noted that the maximum inductor temperatures Tmeas
were only roughly measured as summarized in Table V for
the conditions as employed in the calculation given by (28),
i.e., IA ,out = 17 A and VA ,out = 200 V for Vdc = Vdc,max =
800 V. The ambient temperature was Ta = 30 ◦C. The relative
errors (Tmeas − Ta)/(Tcalc − Ta) of the measurements com-
pared to the calculated temperatures Tcalc are −16%, 27%, and
14% for LDM ,1 , LDM ,2 , and LD ,2 , respectively, and are in the
expected tolerance range. The measured (over) temperatures for
LDM ,2 and LD ,2 could be explained by the close proximity of
LDM ,2 and LD ,2 .

In the following, the measurement results for each require-
ment are discussed. It is anticipated that for the measurement
of the output voltage slew rate SR, transient output voltage dip,
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TABLE V
MAXIMUM MEASURED INDUCTOR TEMPERATURES (OCCURRING AT THE

WINDING SURFACE) AT AN AMBIENT TEMPERATURE OF 30 ◦C AND FOR THE

CONDITIONS GIVEN BY (28), I.E., IA ,out = 17 A AND VA ,out = 200 V FOR

Vdc = Vdc ,m ax = 800 V

Inductor Max. Measured Max. Calculated
Temperature Tm e a s Temperature Tc a l c

LDM , 1 81.2 ◦C 90.8 ◦C
LDM , 2 105.9 ◦C 89.8 ◦C
LD, 2 94.5 ◦C 86.4 ◦C

The temperatures were measured with a Fluke Ti9 thermal
imager (emissivity of 0.95) and for the calculation the
same ambient temperature of 30 ◦C is used instead of
40 ◦C , which is assumed for the ρ–η PF optimization
(cf., Section IV-A).

Fig. 11. Measured reference voltage vA ,ref , output voltage vA ,out , bridge-
leg output current iA0 , and load current iA ,out , resulting in a measured slew
rate of SRm eas = 34 V/105 μs = 324 V/ms, to verify the calculated SR of
322 V/ms. The output voltage reference vA ,ref is determined from the voltage
measured at a general purpose I/O pin of the employed DSP.

and bridge-leg output current ΔiA0 , the load current source of
Fig. 2(b) is replaced by a resistor of 97 Ω.10

A. Output Voltage Slew Rate Measurement

The measured output voltage step response from uA ,ref =
350 V to uA ,ref = 384 V is depicted in Fig. 11. The employed
control architecture is shown in Fig. 2(b) and described in detail
in [43].11

The digital controller, implemented using a TMS320F2808
digital signal processor, generates the step of the output voltage
reference and, at the same time, changes the logical state of one
of its general purpose I/O pins. The time Δtmeas = 105 μs is
measured from this instant until the output voltage enters the
±5% tolerance band and stays in the band [cf., Fig. 3(a)] as

10With a load resistor of 97 Ω, the output power is half of the nominal value of
one of the three phases, i.e., PA ,out = 50% · Pout ,n /3 = (400 V)2 /97 Ω =
1.65 kW .

11Voltage controller Gv = kpv · 1+ s ·T i v
s ·T i v

with kpv = 51 mA/V, Tiv =
177 μs; current controller Gi = kpi with kpi = 6.4 V/A.

Fig. 12. Measured output voltage vA ,out , bridge-leg output current iA0 ,
and load current iA ,out , resulting in a measured transient output voltage dip
ΔVA ,out ,m eas = 14.2 V, verifying the calculated value of ΔVA ,out of 16 V.

depicted in Fig. 11. Accordingly, the measured slew rate is

SRmeas =
34 V

105 μs
= 324 V/ms (36)

which is very close to the calculated value of 322 V/ms due to
the proper controller tuning.

B. Transient Voltage Dip Measurement

To generate a load step of ΔIA ,out = 3.4 A, a 100-Ω resistor
chopper (cf., [69]) is connected in parallel to the 97-Ω load
resistor. Fig. 12 shows the measured output voltage dip due to
this change in the load current, which leads to

Zstep,meas =
14.2 V
3.4 A

= 4.2 Ω. (37)

This Zstep,meas is only 11% lower than the value, 4.7 Ω, ob-
tained without control (cf., Table IV). The reason for this is the
implemented controller design; a more aggressive voltage con-
troller would reduce the transient output voltage dip, but would
increase the overshoot of the output voltage step response and/or
the settling time such that the specified limit could not be met
anymore (cf., Section III-A).

C. Bridge-Leg Output Current Ripple Measurement

The ripple of the bridge-leg output current iA0 is measured
for a DC-link voltage of Vdc = Vdc,n = 700 V and a constant
modulation index of m = uA ,out/

Vd c , n
2 = 0.5; cf., Section III-

C. This modulation index is selected because the largest current
ripple occurs for m = 0.5. The measurement result is given in
Fig. 13 and leads to

ΔIA0,meas = 12.2 A (38)

which matches closely with the computed value of 12 A (the in-
ductance of LDM ,1 has been measured as 154.2 μH, i.e., deviates
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Fig. 13. Measured bridge-leg output voltage vA0 , output voltage vA ,out ,
bridge-leg output current iA0 , and load current iA ,out , resulting in a peak-
to-peak bridge-leg output current ripple ΔIA0 ,m eas = 12.2 A, to verify the
calculated ΔIA0 of 12.0 A. The output voltage ripple is measured with AC-
coupling in the bottom graph and has a peak-to-peak value of 2.2 V. The reason
for the slightly higher voltage of vA0 at the end of the switching transients
is that in the interlocking time the body diode of the MOSFET is conducting
instead of its channel. This leads to a higher voltage drop over the switch until
the MOSFET turns on and the current commutes to the channel.

by only 0.1% from the value 154 μH assumed for the calcula-
tion, cf., Table III; the dc-link voltage is adjusted to 700 V with
an error of 0.7%).

D. Output Voltage Ripple Measurement

The time behavior of the output voltage ripple is shown in
Fig. 13 for Vdc = 700 V. To measure the maximum output volt-
age ripple, the DC-link voltage is increased to Vdc = Vdc,max =
800 V (cf., Section III-D). A peak-to-peak voltage ripple of

ΔVA ,out,meas = 2.6 V (39)

is obtained (m = 0.5). The measured value is close to the cal-
culated maximum voltage ripple of 2.5 V despite the tolerance
of ±20% of the capacitance for the MKP capacitors for the two
following reasons. First, a small capacitor rated at 0.68 μF was
added to the capacitor rated at 4.7 μF to realize CDM ,1 (cf., Ta-
ble III). Thus, the measured capacitance of CDM ,1 deviates by
only 2% from the calculated value. And second, for CDM ,2 an
capacitor with an overrated capacitance (rated at 4.7 μF for a
desired value of 4.1 μF) was selected to obtain an exact match
between measured and calculated value (cf., Table III). Further-
more, as shown in the previous section for LDM ,1 , the measured

Fig. 14. Measured output impedance Zout of the designed two-stage LC
filter (cf., Table III) with an open filter input as indicated in the figure.

filter inductances are also very close to the calculated values for
LDM ,2 (1% deviation) and LD ,2 (3% deviation).

E. Maximum Capacitive Reactive Power Measurement

To assess the reactive power consumption of the filter at an
output frequency of fout = 50 Hz, the output impedance Zout
(open input) of the two-stage LC output filter is measured as
shown in Fig. 14. At 50 Hz, the output impedance is nearly
perfectly capacitive, Zout = 363 Ω · e−j·89.97◦

, and accordingly
the measured capacitive reactive power of the filter is computed
to

Qcap,meas =
V 2

A ,out,n

|Zout |
=

(230 V)2

363 Ω
= 146 VA. (40)

This value fits with the calculated reactive power of 147 VA (cf.,
Table IV) due to the accurate realization of the filter capacitances
as indicated in Section V-D.

F. Conducted EMI Measurement

The conducted noise emissions of the CPS are measured us-
ing the setup shown in Fig. 15. In this study, only DM emissions
are considered (cf., Section III-F), and thus, a DM and CM noise
separation is applied [70]. Still, two CM chokes [3× T60006-
L2050-W516 (Vacuumschmelze GmbH), 5 turns] are used for
this measurement, as depicted in Fig. 15, keeping the differ-
ence between DM and CM noise smaller than 40 dB to achieve
meaningful measurement results with the noise separator which
shows a limited CM rejection ratio [70].

The CM choke at the output of the two-stage LC filter (cf.,
Fig. 15) adds 1.8 μH of DM filtering inductance through its
leakage inductance. At the frequency of 4 × 48 kHz = 192 kHz,
where the first peak of the measured DM noise occurs, this
results in an impedance magnitude of 2 · π · 192 kHz · 1.8 μH =
2.2 Ω. This additional impedance is negligible compared to the
50 Ω of the LISNs.
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Fig. 15. Conducted EMI measurement setup to measure the DM noise emission of the CPS employing two LISNs at the filter output and a DM/CM noise
separator. The attenuations of 10 dB of the LISNs (for increased accuracy) and of 10 dB of the impulse limiter (used to protect the test receiver) are compensated
by the −20 dB of the EMI test receiver. The additional attenuation of 6 dB of the noise separator is counterbalanced by adding 6 dB to the measurement results
a posteriori (cf., Fig. 16). Thus, in (41) the actually generated noise level is given.

Fig. 16. Measured DM noise emission of the CPS employing the experimental
setup as given in Fig. 15 with a DM/CM noise separator. This separator generates
an additional attenuation of 6 dB and thus the actual DM noise emission at the
frequency of the fourth switching harmonic (= 192 kHz) is 51.1 dBμV +
6 dB = 57.1 dBμV. The attenuations of 10 dB of the LISN circuits and of
10 dB of the impulse limiter are compensated by the −20 dB of the EMI test
receiver; cf., Fig. 15.

As can be seen from Fig. 16, at 192 kHz (fourth switching
frequency harmonic and/or first harmonic located in the EMI
measurement range), the measured DM noise emission is

Meas. DM noise (@192 kHz) = 57.1 dBμV. (41)

The EMI measurement is conducted for a DC-link voltage
of Vdc = Vdc,max = 800 V, for an output voltage of vA ,out =
VA ,out,n = 230 V (cf., Section III-F) and at a reduced output
power of 3.3 kW/6 = 550 W because the emitted noise spec-
trum is independent of the load current (the inductors are built
with ferrite and an air gap), i.e., show a largely linear behavior.

The measured noise emission of 57.1 dBμV deviates by
5.3 dB from the calculated value of 62.4 dBμV (cf., Table IV),
because the computation is based on a worst case consideration,
for which all amplitudes of the harmonics are summed up within
the 9 kHz band of the test receiver; cf., [49].

VI. CONCLUSION

In this paper, the DS concept is utilized to provide a basis for
the multiobjective optimization of the output filter of a 10-kW
four-quadrant three-phase switch-mode CPS with fs = 48 kHz
and [0, 350 V] output phase voltage range. The DS concept per-
mits to simultaneously consider multiple criteria that result from
application-oriented specifications of the CPS such as

1) minimum output voltage slew rate;
2) maximum transient output voltage dip;
3) maximum bridge-leg output current ripple;
4) maximum output voltage ripple;
5) maximum capacitive reactive power;
6) limits of conducted EMI noise emissions.

These specifications lead to corresponding limits for the out-
put filter component values. The intersection set of all limits,
in which all requirements can be fulfilled defines the DS. The
strength of the presented approach is that a clear graphical rep-
resentation of the DS is obtained, e.g., the limits can be drawn
in the L-C plane for a single-stage LC filter, which typically
would be considered in a first step of the filter analysis. From
the drawn limits, it can then directly be identified that, for the
case at hand, the resulting DS of a single-stage filter is empty
because the compliance to the limits of conducted EMI does
not allow a common intersection of all limits. Thus, the num-
ber of degrees of freedom needs to be increased, which can
be achieved by introducing a two-stage LC filter. This results
in a nonempty 4D DS. To fully exploit this DS, a multiobjec-
tive optimization is performed and the ρ–η PF is determined,
which allows us to identify the most compact and/or most ef-
ficient filter designs among all possible filter realizations with
parameters in the DS. The PF calculation of the two-stage LC
output filter involves nearly 1.1 × 1012 different filter designs.
To drastically reduce this very high number, a design procedure
benefiting from preoptimized component designs is discussed
in detail. From the optimization results, the Pareto optimal filter
design with the highest power density is selected, resulting in
ρ = 14.6 kW/dm3 (239 W/in3) for η = 99.4%. As verified by
measurements on a filter hardware demonstrator, the optimal fil-
ter ensures compliance to all specifications of the CPS. It should
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TABLE VI
BEST CASE, NOMINAL CASE, AND WORST CASE PERFORMANCE INDEXES CALCULATED FOR THE COMPONENT VALUES OF THE FINAL FILTER DESIGN, I.E.,

LDM ,1 = 154 μH, CDM ,1 = 4.7 μF, LDM ,2 = 11.7 μH, CDM ,2 = 4.1 μF, LD ,2 = 22.4 μH, AND RD ,2 = 1.34 Ω (CF., TABLE III), AND FOR INDUCTANCE

TOLERANCES OF ±10% AND CAPACITANCE TOLERANCES OF ±20%

Requirement Best Case Nominal Case Worst Case Worst Case Component Values

Out. voltage slew rate SR 360 V/ms 322 V/ms 275 V/ms LD M , 1 = 154 μH + 10% , LD M , 2 = 11.7 μH + 10% , LD , 2 = 22.4 μH + 10% ,
CD M , 1 = 4.7 μF + 20% , CD M , 2 = 4.1 μF + 20% , RD , 2 = 1.34 Ω

Trans. out. voltage dip → Z s t e p 4.1 Ω 4.7 Ω 5.4 Ω LD M , 1 = 154 μH + 10% , LD M , 2 = 11.7 μH + 10% , LD , 2 = 22.4 μH + 10% ,
CD M , 1 = 4.7 μF − 20% , CD M , 2 = 4.1 μF − 20% , RD , 2 = 1.34 Ω

Bridge-leg current ripple Δ iA 0 10.8 A 12.0 A 13.4 A LD M , 1 = 154 μH − 10% , LD M , 2 = 11.7 μH − 10% , LD , 2 = 22.4 μH − 10% ,
CD M , 1 = 4.7 μF − 20% , CD M , 2 = 4.1 μF − 20% , RD , 2 = 1.34 Ω

Out. voltage ripple ΔvA , o u t 1.4 V 2.5 V 5.6 V LD M , 1 = 154 μH − 10% , LD M , 2 = 11.7 μH − 10% , LD , 2 = 22.4 μH + 10% ,
CD M , 1 = 4.7 μF − 20% , CD M , 2 = 4.1 μF − 20% , RD , 2 = 1.34 Ω

Cap. reactive power Q c a p 117 VA 147 VA 175 VA CD M , 1 = 4.7 μF + 20% , CD M , 2 = 4.1 μF + 20%

Conducted EMI limit 60.4 dBμV 62.4 dBμV 71.1 dBμV LD M , 1 = 154 μH − 10% , LD M , 2 = 11.7 μH − 10% , LD , 2 = 22.4 μH + 10% ,
CD M , 1 = 4.7 μF − 20% , CD M , 2 = 4.1 μF − 20% , RD , 2 = 1.34 Ω

The last column summarizes the worst case component values. The tolerance of RD, 2 is neglected.

Fig. 17. Best case, nominal case, and worst case slew rates, i.e., 360 V/ms,
322 V/ms, and 275 V/ms, respectively, obtained for the component values of the
final filter design considering tolerances of±10% for the inductances and±20%
for the capacitances. The tolerance of the damping resistor RD ,2 is neglected.
It is noted that for the hardware realization of the filter the components were
selected carefully such that the calculated and measured values fit closely as
shown in Table III. This minimizes the impact of component tolerances on the
output filter performance leading to a good agreement between measured and
calculated performance indexes (cf., Table IV).

finally be noted that the resulting filter design is also advanta-
geous concerning output voltage control. Because the resonant
frequency of the first filter stage is by a factor of roughly 7 lower
than the one of the second filter stage, the second filter stage can
be omitted in a first step, i.e., the controller design can be carried
out assuming a single-stage LC filter. The closed control loop
will, therefore, show a limited gain at frequencies higher than
the corner frequency of the first filter stage. Accordingly, the
second filter stage cannot be dynamically compensated, which
requires to add the passive RL damping.

APPENDIX

DS INCLUDING COMPONENT TOLERANCES

The values of the passive components of the investigated
two-stage LC output filter, in particular inductances and capac-
itances, are subject to tolerances. The impacts of these tolerances
on the resulting DS are disregarded in Sections III and IV, to
focus on the derivation of the DS and the subsequent ρ–η Pareto
optimization.12 This appendix describes a method, which con-

12The hardware realization of the two-stage LC output filter (cf., Table III)
uses carefully selected components, such that calculated and measured values
agree. For this, the air gaps of the inductors were tuned to achieve the calculated

Fig. 18. DS for the two-stage LC output filter [cf., Fig. 2(b)] for nominal
n = LDM ,2 /LDM ,1 = 0.076 and k = CDM ,2/CDM ,1 = 0.9, which results
from the optimization in Section IV-B (cf., Table III) for the worst case combi-
nations of component values, according to Table VI, if tolerances of ±10% are
considered for the inductances and ±20% for the capacitances (RD ,2 has no
tolerance). The resulting DS is considerably smaller than the DS calculated for
the exact component values; cf., Fig. 6.

siders the implications of tolerances of the component values
on the resulting DS.

To guarantee that all the required properties of the considered
AC source specified in Table II can be fulfilled for real compo-
nents with tolerances, the calculation of the DS needs to include
the variation of the component values, because higher or lower
than nominal (or desired) component values affect the filter per-
formance indexes listed in Table IV, as exemplary shown in
Fig. 17 for the slew rate. The inductors and capacitors are as-
sumed to have tolerances of ±10% and ±20%, respectively,13

while the tolerance of the damping resistor RD ,2 is neglected.
Thus, the two-stage output filter contains five components with

inductances and the capacitors with the best fitting capacitances were selected
from a set of available capacitors.

13The inductor is realized with an air gap (cf., Table III) and hence its in-
ductance is roughly proportional to the length of the air gap. It is assumed that
the air gap length is 1 mm which can be adjusted within ±0.1 mm, i.e., within
±10%, and hence the tolerance of the inductance is ±10%. The tolerance of
the capacitance is according to [64] ±20%.
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uncertain component values. With these component tolerances,
the best and worst case performance indexes, e.g., the high-
est and the lowest slew rates, respectively, can be determined
based on given filter component values. This is exemplarily
illustrated in Fig. 17 for the nominal filter values identified
in the course of this study, i.e., LDM ,1 = 154 μH, CDM ,1 =
4.7 μF, LDM ,2 = 11.7 μH, CDM ,2 = 4.1 μF, LD ,2 = 22.4 μH,
and RD ,2 = 1.34 Ω (cf., Section IV-B and Table III). In this
example, the worst case is obtained for the values of LDM ,1 ,
LDM ,2 , LD ,2 , CDM ,1 , and CDM ,2 being 10% and 20% higher,
respectively.

Table VI summarizes the best and worst case performance
indexes calculated for the above mentioned component toler-
ances and all criteria considered in Section III. The last column
of Table VI lists the particular combinations of component tol-
erances, which lead to the respective worst case performance
indexes. According to the results listed in this column, different
combinations of component tolerances result for the different
criteria.

Fig. 18 depicts the DS that results if each criteria is evaluated
based on the respective combinations of component tolerances
listed in Table VI, to ensure that all the required properties of
the AC source can be met in any case. Compared to the DS
calculated with the nominal (exact) component values shown in
Fig. 6, the DS with component tolerances as given in Fig. 18 is
considerably smaller.
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